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PREFACE 


Teaching reinforced concrete design, carrying out research relevant to the behavior of 
reinforced concrete members, as well as designing concrete structures motivated the 
preparation of this book. The basic objective of this book is to furnish the reader with 
the basic understanding of the mechanics and design of reinforced concrete. The 
contents of the book conform to the latest edition of the Egyptian Code for the Design 
and Construction of Concrete Structures ECP-203. The authors strongly recommend 
that the Code be utilized as a companion publication to this book. 

The book is aimed at two different groups. First, by treating the material in a logical 
and unified form, it is hoped that it can serve as a useful text for undergraduate and 
graduate student courses on reinforced concrete. Secondly, as a result of the continuing 
activity in the design and construction of reinforced concrete structures, it will be of 
value to practicing structural engineers. 

Numerous illustrative examples are given, the solution of which has been supplied so 
as to supplement the theoretical background and to familiarize the reader with the 
steps involved in actual design problem solving. 

In writing the book, the authors are conscious of a debt to many sources, to friends, 
colleagues, and co-workers in the field. Finally, this is as good a place as any for the 
authors to express their indebtedness to their honorable professors of Egypt, Canada 
and the U.S.A. Their contributions in introducing the authors to the field will always 
be remembered with the deepest gratitude. 

This volume covers the following topics 

• Reinforced Concrete Fundamentals 

• Design of Singly Reinforced Sections 

• Design of Doubly Reinforced Sections 

• Design of T-Beams 

• Design for Shear 

• Bond and Development length 

• Design of Simple and Continuous Beams 

• Truss Models for the Behavior of R/C Beams 

• Design for Torsion 

It also includes appendices containing design aids. 
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REINFORCED CONCRETE FUNDAMENTALS 


Photo 1.1 Nile City Towers, Cairo-Egypt. 

1.1 Introduction 

Reinforced concrete is one of the most important available materials for 
construction in Egypt and all over the world. It is used in almost all structures 
including; buildings, bridges, retaining walls, tunnels, tanks, shells and even 
ships. 
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Concrete is a mixture of sand and gravel held together with a paste of cement 
and water. Sometimes one or more admixture is added to change certain 
characteristic of the concrete such as its workability, durability, and time of 
hardening. Concrete has a high compressive strength and a very low tensile 
strength. 

Reinforced concrete is a combination of concrete and steel wherein the steel 
reinforcement provides the tensile strength lacking in the concrete. Steel 
reinforcement is also capable of resisting compression forces and is used in 
columns as well as in other situations to be described later. 

The tremendous success of reinforced concrete can be understood if its 
numerous advantages are considered. These include the following: 

• It is a low maintenance material. 

• It has great resistance to the action of fire provided that there is adequate 
cover over the reinforcing steel. 

• A special nature of concrete is its ability to be cast in to a variety of 
shapes from simple slabs, beams, and columns to great arches and shells. 

• A lower grade of skilled labor is required for erection as compared to 
other materials such as structural steel. 

• In most areas, concrete takes advantage of inexpensive local materials 
(sand, gravel, and water) and requires a relatively small amount of cement 
and reinforcing steel. 

To use concrete successfully, the designer must be completely familiar with its 
weak points and its strong ones. Among its disadvantages are the following: 

• Concrete has a very low tensile strength, requiring the use of tensile 
reinforcing. 

• Forms are required to hold the concrete in place until it hardens 
sufficiently. Formwork could be expensive. 

• The properties of concrete could vary widely due to variations in its 
proportioning and mixing. Furthermore, the placing and curing of concrete 
is not as carefully controlled, as is the production of other materials such 
as structural steel. 

• In general, reinforced concrete members are relatively large, as compared 
to structural members, an important consideration for tall buildings and 
long span bridges. 


1.2 Reinforced Concrete Members 

Reinforced concrete structures consist of a series of members. The first and the 
second floors of the building shown in Fig. 1.1 have a slab-and-beam system, in 
which the slab spans between beams, which in turn apply loads to the columns. 
Again, the columns’ loads are applied to footings, which distribute the load over 
a sufficient area of soil. 

The structure shown in Fig 1.2 is a typical framed structure. The slab carries its 
own weight, flooring and live loads. The load is then transferred to secondary 
beams. The reactions of the secondary beams are transferred to the girders, 
which in turn are supported by the columns. Finally, the columns’ loads are 
applied to the footings, which distribute the load to the soil. 



Photo 1.2 Reinforcement placement during construction 
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Fig. 1.1 Slab and beam system in a building 



Fig. 1.2 Typical reinforced concrete structural framing system 


1.3 Reinforced Concrete 


It is a well-known fact that plain concrete is strong in compression and very 
weak in tension. The tensile strength of concrete is about one-tenth its 
compressive strength. As a result, a plain concrete beam fails suddenly as soon 
as the tension cracks start to develop. Therefore, reinforcing steel is added in the 
tension zone to carry all the developed tensile stresses; this is called a reinforced 
concrete beam. 

Concrete and steel work together beautifully in reinforced concrete structures. 
The advantages of each material seem to compensate for the disadvantages of 
the other. The great shortcoming of low concrete tensile strength is compensated 
for by the high tensile strength of the steel. The tensile strength of the steel is 
approximately equal to 100-140 times the tensile strength of the usual concrete 
mix. Also, the two materials bond together very well with no slippage, and thus 
act together as one unit in resisting the applied loads. 

The disadvantage of steel is corrosion, but the concrete surrounding the 
reinforcement provides an excellent protection. Moreover, the strength of the 
exposed steel subjected to fire is close to .zero, but again the enclosure of the 
reinforcement in the concrete produces very satisfactory fire protection. Finally, 
concrete and steel work very well together in temperature changes because their 
coefficients of thermal expansion are almost the same. The coefficient of 
thermal expansion for steel is 6.5x1 O' 6 , while that for the concrete is about 
5.5X10" 6 . 

1.4 Reinforced Concrete Behavior 

The addition of steel reinforcement that bonds strongly to concrete produces a 
relatively ductile material capable of transmitting tension and suitable for any 
structural elements, e.g., slabs, beam, columns. Reinforcement should be placed 
in the locations of anticipated tensile stresses and cracking areas as shown in Fig 
1.3. For example, the main reinforcement in a simple beam is placed at the 
bottom fibers where the tensile stresses develop (Fig. 1.3A). However, for a 
cantilever, the main reinforcement is at the top of the beam at the location of the 
maximum negative moment (Fig.l.3B). Finally for a continuous beam, a part of 
the main reinforcement should be placed near the bottom fibers where the 
positive moments exist and the other part is placed at the top fibers where the 
negative moments exist (Fig. 1.3C). 
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A- Simple beam 



B-Cantilever beam 



C-Continuous beam 


Fig. 1.3 Reinforcement placement for different types of beams 


1.5. Mechanical Properties of Concrete 

1.5.1 Compressive Strength 

Many factors affect the concrete compressive strength such as the water cement 
ratio, the type of cement, aggregate properties, age of concrete, and time of 
curing. The most important factor of all is the water cement ratio. The lower 
water content with good workability leads to higher concrete compressive 
strength. Increasing the water cement ratio from 0.45 to 0.65 can decrease the 
compressive strength by 30-40 percent. Currently, high-range water-reducing 
admixtures {super plasticizers ) are available and they allow engineers to 
produce fluid concrete mixes with a sharply reduced amount of water. 

In Egypt, the compressive strength of concrete is usually determined by loading 
a 158 mm cube up to failure in uniaxial compression after 28 days of casting and 
is referred to as f cu . Additional details covering the preparation and testing of 
cubes are covered by the Egyptian Code for Design and Construction of 
Concrete Structures (ECP-203) including correction factors that can be used if 
the tested specimen is not the same dimension or shape as the standard cube. 
This is the strength specified on the construction drawings and used in the 
design calculations. 

It should be mentioned that in other countries such as the United States and 
Canada, the compressive strength is measured by compression tests on 150 mm 
x 300 mm cylinders tested after 28 days of moist curing. In the case of using 
specimens other than the standard cube, the ECP 203 gives the correction factors 
shown in Table 1.1 to obtain the equivalent compressive strength of the standard 
cube. 


Table 1.1 Correction factors to obtain the equivalent f cu =f c x factor 


Shape 

Size (mm) 

Correction factor 

Cube 

lOOxlOOx 100 

0.97 

Cube 

(158 x 158 x 158) or (150 x 150 x 150) 

1.00 

Cube 

200 x 200 x 200 

1.05 

Cube 

300 x 300 x 300 

1.12 

Cylinder 

100x200 

1.20 

Cylinder 

150x300 

1.25 

Cylinder 

250 x 500 

1.30 

Prism 

(150 x 150 x 300) or (158 x 158 x 316) 

1.25 

Prism 

(150 x 150 x 450) or (158 x 158 x 474) 

1.3 ■ 

Prism 

150 x 150x600 

1.32 
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The ECP 203 states in clause (2.5.2) that a concrete strength of 18 N/mm 2 
should be used to qualify for reinforced concrete category, 15 N/mm 2 for plain 
concrete, and 30 N/mm 2 for prestressed concrete. Table 1.2 illustrates the grades 
of reinforced concrete R/C and prestressed concrete P/S as permitted by the 
code. 


Table 1.2 Grades of reinforced and prestressed concrete (N/mm 2 ) 


R/C 

18 

20 

25 

30 

35 

40 

45 


P/S 


30 

35 

40 

_ 

45 

_ 

50 

_ 

55 

60 


Field conditions are not the same as those in the laboratory, and the specified 
28-days strength might not practically be achieved in the field unless almost 
perfect mixture, vibration, and perfect curing conditions are present. As a result, 
section 2-5-3 of the ECP 203 requires that the target concrete compressive 
strength,/,, must exceed the characteristic strength f cu by a safety margin (M). 
The safety margin for a concrete mix design depends on the quality control of 
the concrete plant and can range from 4 N/mm 2 to 15 N/mm 2 . Table 1.3 (2-15 of 
the Code) lists the values of the safety margin M according to the number of the 
performed tests and the characteristic strength f cu . Therefore the targeted 
concrete compressive strength f m is given by 


L=f c „+M .(1.1) 

Table 1.3 Value of the safety margin M (N/mm 2 ) 


Statistical 

data 

Safety margin M 

fcu < 20 N/mm 2 

20-40 N/mm 2 

40-60 N/mm 2 

40 test data 

or more 

1.64 SD > 4 N/mm 2 

1.64 SD > 6 N/mm 2 

1.64 SD > 7.5 

N/mm 2 

less than 40 
test data 

Not less than 0.6 f cu 

>12 N/mm 2 

>15 N/mm 2 


One test data is an average of 3 cube tests 
SD: Standard deviation 


Since concrete is used mostly in compression, its compressive stress-strain curve 
is of a prime interest. Figurel .4 shows a typical set of such curves obtained from 
uniaxial compression test of cylinders. All curves have somewhat similar 
characteristics. They consist of an initial relatively straight elastic portion in 
which stresses and strains are closely proportional, then begin to curve to reach a 
maximum value at a strain of 0.002 to 0.003. There is a descending branch after 
the peak stress is reached. It can be noticed that the weaker grades of concrete 
are less brittle than the stronger ones. Thus, they will take larger stains and 
deformations before breaking. 



Strain 

Fig. 1.4 Typical concrete stress-strain curves 


For computational purposes, mathematical representations of the stress-strain 
curves of concrete in compression are available. For example, the stress-strain 
curve shown in Fig. 1.5 may be used. The curve consists of a parabola followed 
by a sloping line. Such a curve has been used widely in research purposes. 
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Photo 1.3 Milwaukee Art Museum, USA. 
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1.5.2 Tensile strength 

Experimental tests indicate that the tensile strength of concrete is highly variable 
and ranges from about 8-12% of its compressive strength. The actual value 
depends on the type of test and crack propagation pattern at failure. 

Tensile strength is usually determined by the bending test (Fig. 1.6) or by the 
split cylinder test (Fig 1.7). The ECP 203 states that the value of concrete 
tensile strength can be taken from experimental tests as follows: 

60% from the concrete tensile strength determined from bending test. 

85% from the concrete tensile strength determined from split cylinder test. 


In the bending test (modulus of rapture test), a plain concrete beam is loaded in 
flexure up to failure as shown in Fig. 1.6. The flexure tensile strength or the 
modulus of rupture f r is computed from the following equation 


6 M 
bxt 2 


(1.2) 




Fig. 1.6 Bending tensile test 
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The split cylinder test is performed on a 150x300 mm cylinder placed on its side 
and loaded in compression along its length as shown in Fig. 1.7.A The stresses 
along the diameter are nearly uniform tension perpendicular to the plan of 
loading as shown in Fig. 1.7.b The splitting tensile strength f ct is calculated from 
the following expression 


The parameters in Eq. 1.3 are defined in Fig. 1.7. 



A: Test setup 


B: Force system 


C: Stresses on an element 


Fig 1.7 Split cylinder test 


The tensile strength computed using the modulus of rupture is always higher 
than the split cylinder tension tests. The tensile strength of the concrete can be 
determined using its compressive strength. The tensile strength does not 
correlate well with the concrete compressive strength but rather with its square 
root. The ECP-203 gives an expression for estimating the concrete tensile 
strength/^, as a function of its compressive strength as follows: 

far = 0-6 V/T —..(1-4) 


1.5.3 Modulus of Elasticity 

It is clear from the stress-strain curve of the concrete shown in Fig. 1.3 that the 
relation between the stress and the strain is not linear. Thus, the modulus of 
elasticity changes from point to point. Furthermore, its value varies with 
different concrete strengths, concrete age, type of loading, and the 
characteristics of cement and aggregate. The initial tangent is sometimes used to 
estimate the concrete modulus of elasticity, in which the slope of the stress- 
strain curve of concrete at the origin is evaluated as shown in Fig. 1.8. The ECP- 
203 gives the following formula for estimating the concrete modulus of 
elasticity 

£c=4400,/Z7.(1-5) 

where f cu is the concrete compressive strength in N/mm 2 

The magnitude of the modulus of elasticity is required when calculating 
deflection, evaluating bracing condition, and cracking of a structure. 



Fig. 1.8 Initial tangent modulus of concrete 
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1.5.4 Strength of Concrete Under Biaxial Loading 

Portions of many concrete members may be subjected to stresses in two 
perpendicular directions (biaxial state). The strength of the concrete is affected 
greatly by the applied stress in the perpendicular direction as shown in Fig. 1.9. 

In Fig. 1.9, all the stresses are normalized in terms of the uniaxial compressive 
strength f cu - The curve has three regions; biaxial compression-compression, 
biaxial tension-tension, biaxial tension-compression. 

In the compression-compression zone, it can be seen that the compressive 
strength of the concrete can be increased by 20-25% when applying compressive 
stress in the perpendicular direction. 

In the tension-tension zone, it is clear that the tensile strength of the concrete is 
not affected by the presence of tension stresses in the normal direction. For 
example, a lateral tension of about half the value of the uniaxial tensile strength 
will reduce the compressive strength to 50% of the uniaxial compressive 
strength. 



-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 


A 

fcu 


The biaxial state may occur in beams as shown in Fig. 1.10 where the principle 
tensile and compressive stresses lead to biaxial tension compression state of 
stress. The split cylinder test illustrated in Fig. 1.7C is a typical example of 
biaxial state of stress, where the compressive stresses develop in the vertical 
direction and tensile stresses develop in the horizontal direction. This is the main 
reason that splitting tensile strength is less than flexural tensile strength. 



Fig. 1.10 Biaxial state of stress in beams 



Fig. 1.9 Strength of concrete in biaxial stress 


Photo 1.4 Typical reinforced concrete structure 
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1.5.5 Shrinkage 

As the concrete dries it shrinks in volume due to the excess water used in 
concrete mixing. The shortening of the concrete per unit length due to moisture 
loss is called shrinkage strain. The magnitude of the shrinkage strain is a 
function of the initial water content, the composition of the concrete and the 
relative humidity of the surroundings. Shrinkage is also a function of member’s 
size and shape. Drying shrinkage occurs as the moisture diffuses out of the 
concrete. As a result, the exterior shrinks more rapidly than the interior. This 
leads to tensile stresses in the outer skin of the concrete member and 
compressive stresses in its interior. The rate of the shrinkage increases as the 
exposed area to the volume increases. 

The ECP-203 gives the following formula to estimate the virtual member 
thickness 



where B is the virtual member thickness, A c area of the cross section, P c is the 
section perimeter subjected to shrinkage. 

Although shrinkage continues for many years as shown in Fig. 1.11, 
approximately 90% of the ultimate shrinkage occurs during the first year. 



Fig. 1.11 Variation of shrinkage with time for a typical concrete mix 
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Values of final shrinkage for ordinary concrete are generally of the order of 
0.00016 to 0.00030 and can be taken from table 1.4. 


Table 1.4 Values of shrinkage strain for concrete (x 10" 3 ) 



1.5.6 Creep 

When a reinforced concrete member is loaded, an initial deformation occurs as 
shown in Fig. 1.12. Experimental studies show that this initial deformation 
increases with time under constant loading. 

The total deformation is usually divided into two parts:(l)initial deformation (2) 
a time dependent deformation named creep. 

After the occurrence of the immediate deformation (point A 0 to point A), the 
creep deformation starts rapidly (point A to pint B) and then continues at a much 
lower rate till almost it becomes a flat curve at infinity. More than 75% of the 
creep deformation occurs during the first year and 95% in the first five years. If 
the load is removed at point B, immediate recovery occurs (point C), followed 
by a time dependent recovery till point D (creep recovery). The member will 
never recover all the developed deformation and there will be a non-recoverable 
deformation called permanent deformation. 

The creep deformations are within a range of one to three times the 
instantaneous elastic deformations. Creep causes an increase in the deflection 
with time that may lead to undesirable deformation of the member. Thus, the 
deflection must be investigated to ensure that the deformations are within the 
allowable limits of the code. 
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Fig. 1.12 Elastic and creep deformation of concrete 

1.6 Reinforcing Steel 

The most common types of reinforcing steel are bars and welded wire fabrics. 
Deformed bars are the most widely used type and manufactured in diameters 
from 10 mm to 40 mm. They are produced according to the Egyptian standards 
262/1999. Bars are supplied in lengths up to 12m, however, longer bars may be 
specially ordered. Reinforcing bars are available in four grades with a yield 
strength of 240, 280, 360, and 400N/mm2. The cost of steel having a yield stress 
of 400 N/mm2 is slightly higher than that of steel with a yield point of 240 
N/mm2. However, the gain in strength and accordingly the reduction in the 
required steel area is obvious. It should be mentioned that grade 400 N/mm2 is 
the highest steel grade allowed by the Code for reinforced concrete structures. 
The ultimate tensile strength, the yield strength and the modulus of elasticity are 
determined from the stress-strain curve of a specimen bar loaded in uniaxial 
tension up to failure. The modulus of elasticity of steel (the slope of the stress- 
strain curve in the elastic region) is 200 GPa (200,000 N/mm ). The specified 
strength used in design is based on the yield stress for mild steel, whereas for 
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high yield steel the strength is based on a specified proof stress of 0.2% as 
shown in Fig. 1.13. 

The major disadvantage of using steel in beams and columns is corrosion. The 
volume of the corroded steel bar is much greater than that of the original one. 
The results are large outward pressure, which causes severe cracking and 
spalling of the concrete cover. The ECP-203 requires the increase of concrete 
cover in corrosive environments. Epoxy coated bars are a perfect solution for the 
problem of corrosion of the reinforcement. They are expensive and need to be 
handled very carefully to protect the coating layer from damage. However, they 
are not as efficient as uncoated bars in developing full bond with surrounding 
concrete. 


Stress 
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1.7 Limit States Design Method 

Members are designed with a capacity that is much greater than required to 
support the anticipated set of loads. This extra capacity not only provides a 
factor of safety against failure by an accidental overload or defective 
construction but also limits the level of stress under service loads to control 
deflection and cracking. The Egyptian code permits the use of two design 
methods, namely, the allowable working stress design method and the ultimate 
limit states design method. In the present time, the former is the most commonly 
used in the design of reinforced concrete structures. 

When a structure or a structural member becomes deficient for its planned use, it 
is said to have reached a limit state. The limit states of concrete structures can be 
divided into the following three groups: 

A. Ultimate Limit states 

These limit states are concerned with the failure of a structural member or the 
whole structure. Such a failure should have a very low probability of occurrence 
since it may lead to loss of human lives. 

B. Serviceability limit states 

These include all types that affect the functional use of the structure and can be 
classified as: 

• Deformation and Deflection Limit States: Excessive deflections may 
be visually unacceptable and may lead to walls or partitions damage. 

• Cracking Limit States: Excessive cracks may lead to leakage, 
corrosion of the reinforcement, and deterioration of concrete. 

• Vibration Limit States: Vertical vibration of floors or roofs may cause 
unacceptable level of comfort for the users. 

C. Stability limit states 

These include buckling of compression members, overturning, sliding, 
formation of plastic hinge/mechanism, and general cases of instability. Also, in 
some cases, localized failure of a member may cause the entire structure to 
collapse. Such failure is called progressive failure and should be avoided. 

1.8 Strength Reduction Factors 

Strength reduction factors for both concrete and steel are introduced by the 
Egyptian code to account for several factors. These factors include 
simplifications, approximations, and small errors that may be encountered 
during calculations. They also consider variations between the actual strength 
and the design strength. 
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The strength reduction factors vary according to the applied compression force. 
As the compression force increases, the strength reduction factor in turn 
increases. One of the reasons for that, is the nature of the brittle failure that 
accompanies the compression forces. The strength reduction factor for concrete 
■yc ranges from 1.73 for sections subjected to almost pure compression and 1.5 
for sections subjected to pure bending. The strength reduction factor for steel 
reinforcement ys ranges from 1.32 for sections subjected to compression and 
1.15 for section subjected to pure bending. 

For sections subjected to combined compression forces and bending (eccentric 
compression sections) with at least 0.05t eccentricity, the ECP-203 gives the 
following values for the strength reduction factors 




(1.7) 


:1 . 15 Jl_M£iUu5. 



Fig. 1.11 Concrete and steel strength reduction factors 

For other cases the strength reduction factors can be taken as 

y c =1.5 pure bending, shear and torsion 

•eccentric and concentric tensile forces 
y s =1.15 bond and bearing 
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for serviceability limit states the reduction factors can be taken as 


r c =1 -°] 


>for calculation of cracking, deflection and deformation 


y s =1.0 



Photo 1.5 Queensland, Australia, 322 meters 78 stories (2005). 


1.9 Classification of Loads 

There are several types of loads that may act on a structure and can be 
categorized as: 

Dead Loads: These are constant in magnitude and fixed in location for the 
lifetime of the structure. A major part of the dead loads results from the own 
weight of the structure itself. The dead loads also include sand required for 
leveling of the flooring, flooring material and brick walls. 

Live loads depend mainly on the use of the structure. For buildings, live loads 
are the results of occupants and furniture. In bridges, vehicle loads represent the 
major live load. Their magnitude and location are variable. Live loads must be 
placed in such a way to produce the maximum straining actions on the 
structures. But rather by placing the live loads on the critical locations that cause 
maximum stresses for that member. 

Table 1.5 gives examples of the values of live load on some structures as 
mentioned in the Egyptian Code for Calculation of loads on Structures. 


Table 1.5 Live loads value according to building type (kN/m 2 ). 


Structure Type 

Location/usage 

Live load 

Residential buildings 

Rooms 

2 

Balconies, stairs, kitchen 

3 

Office buildings 

Offices 

2.5 

Archives 

5-10 

Balconies and stairs 

4 

Hospitals 

Patient rooms 

2.5 

Surgery/lab 

4 or more 

Balconies and stairs 

4 

Schools and faculties 

Classrooms 

3 

Labs 

4 or more 

Sports centers 

5 

Book shelf area 

10 

Lecture rooms 

4 

Balconies and stairs 

4 

Hotels 

Gust rooms 

2 

Public area/restaurants/stairs 

4 
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Seated area 


Public area unseated 

Cinemas and theaters 

Balconies 


Stairs and corridors 

Mosque / church / 

Seated area 

Halls 

Unseated area 


Inaccessible horizontal flexible roof 

Roofs 

Inaccessible horizontal rigid roof 


Accessible horizontal roof 


Parking area (small cars) 

garages 

Buses 


Garage corridor 


For residential buildings with more than five stories, the live loads may be 
reduced according to the Table 1.6 

Table 1.6 Reduction of live load in multistory residential buildings 



Lateral loads These are the loads resulting from wind pressure, earthquake 
loads, soil pressure, and fluid pressure. In recent years, significant progress has 
been made to accurately estimate the horizontal forces due to wind or 
earthquake. 

The ECP 203 states a series of load factors and load combination cases to be 
used in designing reinforced concrete sections. 
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1.10 Load Combinations 

• For members that are subjected to live loads and where the lateral loads 
can be neglected, the ultimate factored loads U are computed from 

U =1.4 £> + 1.61 .(1.9) 

where D are the working dead loads, and L are the working live loads 
Alternatively if the live loads are the less than 75% of the dead load, the 
following equation can be used 

U =1.5 (D + L) .(1.10) 

If the member is subjected to earth or fluid pressure (£), the ultimate load is 
given by 

U = 1.4 D + 1.6L + 1.6 E .(1.11) 

In the case of lateral pressure in closed spaces such as tanks and small pools, the 
ultimate load is taken from 

U =1.4 £> + 1.6 L + 1.4 E 

• If the structure is subjected to wind loads W or earthquake loads S, the 
ultimate load U is taken as the largest from the following two equations 


U = 0 . 8 ( 1.40 + 1.61 + 1 . 6 W) .( 1 . 12 ) 

U = 1 . 12 D+aL+S ....( 1 - 13 ) 


Where a is a coefficient that takes into account the effect of live load that might 
exists on the building during an earthquake and is taken as follows 

> a=l/4 in residentional buildings. 

> a=l/2 in public buildings and structures such as malls, schools, hospitals, 
garages and theaters. 

> a=l in silos, water tanks, and structures loaded with sustained live loads 
such as public libraries, main storage areas and garages for public cars. 

• In load cases in which reduction of live loads shall lead to increasing the 
value of maximum forces in some sections, the live load factor shall be 
taken to 0.9. 
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For cases in which the effects of the dead loads stabilize the structure, the 
ultimate loads should be taken from the following set of equations 


U =0.9 D .(1.14) 

U = 0.9 £> + 1.6 E .(1.15) 

U = 0.9 £> +1.4 E (for tanks and pools).(1.16) 

(7 = 0.9 D + 1.3W .(1.17) 

U = 0.9 £> + 1.3 S .(1.18) 



Photo 1.6: Opera Sydney in Australia 


Table 1.7 Load factors according to ECP 203 


Condition 

factored Load U 

Basic 

U = 1.4 0 + 1.6 £ 

(7=1.5(£> + £) L < 0.75 D 

(7 = 0.9 £> 

U =0.9 D+ 1.6 L 


(7 = 0.8 (1.4 £> + 1.6 L ±1.6 IF) 

U = 0.9 £>±1.3 W 

Earthquake 

U = 1.12 £> +a L +S 

U =0.9 D ±S 

Earth pressure 

U =1.4 £> + 1.6 £ + 1.6 £ 

(7 = 0.9 £> + 1.6 E 

Closed tanks 

U = 1.4 £> + 1.6 £ + 1.4 £ 

(7 = 0.9 £> + 1.4 £ 

Settlement, creep, or 

temperature 

£/ =0.8 (1.4 £> + 1.6 £ + 1.6 T) 

U = 1.4 £> + 1.6 T 

Dynamic loading 

U = 1.4 £> + 1.6 £ + 1.6 £ 

(7 = 0.9 £> + 1.6 K 


where D, L, W, S, E, T, K are the dead, live, wind, soil, earthquake, temperature 
and dynamic loads respectively. 
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Example 1.1 

Using the load combinations of the ECP 203, determine the ultimate axial force 
and bending moment combinations for the column CD at point C. The frame is 
subjected to the following working loads 

D=15 kN/m'(uniform) 

L=30 kN/m'(uniform) 

Wind load of 95 kN (may act in either direction) 


dead or 


95 kN 



Solution: 

since the structure is indeterminate, a computer program was used to calculate 
the axial and bending on the frame. The following figures summarize the results. 
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An example of the calculation for the axial force for the case of (D+L+W) is 
given by 

U =0.8[1.4jD +1.61 ±l.6W ] 

U = 0.8[1.4 (-45) +1.6 (-90) ±1.6 (-17.64)] 

U =-165.60 + 22.60 


= -188.2 kN and -143.0 kN 


From the table, the maximum and minimum ultimate axial force on the column 
is -207.0 and -17.6 respectively. The maximum and minimum ultimate bending 
moment at C is -196.6 and +36.4. 

It is very important to notice that the design should be carried out based on 
straining actions resulting from the same load combination not the maximum 
from each case. Thus, it is wrong to design the column for an axial compression 
force of -207.0 and bending moment of -196.6. Instead, the section must be 
designed to withstand (an axial compression force of -207 and a bending 
moment of-161.9) and (-axial -188.2, bending -196.6). In addition, it should be 
designed for an axial force of-17.6 and a bending moment of +36.4. 
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DESIGN OF SINGLY REINFORCED SECTIONS 


Photo 2.1: Alamillo Cartuja suspended bridge, Spain 


2.1 Introduction 

Until the late 1980s, nearly all reinforced concrete buildings in Egypt were 
designed according to the working-stress design method. However, since 1989 
the ultimate limit states design method has gained popularity and has been 
adopted by the Egyptian Code for Design and Construction of Concrete 
Structures. In this chapter, the basic design concepts of the ultimate limit states 
design methods are discussed. 




















2.2 Reinforced Concrete Beam Behavior 

Consider that a reinforced concrete beam as the one shown in Fig. 2.1, is 
subjected to an increasing load that will cause the beam to fail. Several stages of 
behavior can be clearly identified. 

At low loads, below the cracking load, the whole of the concrete section is 
effective in resisting compression and tension stresses. In addition, since the 
steel reinforcement deforms the same amount as the concrete, it will contribute 
in carrying the tension stresses. At this stage, the distributions of strains and 
stresses are linear over the cross section. 


uniform load 



a: before cracking 


service load 



b: cracking stage, before yield, working load 


ultimate load 



c: ultimate and failure stage 


Fig. 2.1 Reinforced concrete beam behavior at different stages of loading 
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When the load is further increased, the developed tensile stresses in the concrete 
exceed its tensile strength and tension cracks start to develop. Most of these 
cracks are so small that they are not noticeable with the naked eye. At the 
location of the cracks, the concrete does not transmit any tension forces and steel 
bars are placed in the tension zone to carry all the developed tensile forces 
below the neutral axis. The neutral axis is an imaginary line that separates the 
tension zone from the compression zone. Therefore, by definition the stress at 
the neutral axis is equal to zero as shown in Fig. 2.1. Thus, the part of the 
concrete below the neutral axis is completely neglected in the strength 
calculations and the reinforcing steel is solely responsible for resisting the entire 
tension force. 

At moderate loads (if the concrete stresses do not exceed approximately one- 
third the concrete compressive strength), stresses and strains continue to be very 
close to linear. This is called the working loads stage, which was the basis of the 
working-stress design method. When the load is furthered increased, more 
cracks are developed and the neutral axis is shifted towards the compression 
zone. Consequently, the compression and tension forces will increase and the 
stresses over the compression zone will become nonlinear. However, the strain 
distribution over the cross section is linear. This is called the ultimate stage. The 
distribution of the stresses in the compression zone is of the same shape of the 
concrete stress-strain curve. The steel stress f s in this stage reaches yielding 
stress f y . For normally reinforced beams, the yielding load is about 90%-95% of 
the ultimate load. 

At the ultimate stage, two types of failure can be noticed. If the beam is 
reinforced with a small amount of steel, ductile failure will occur. In this type of 
failure, the steel yields and the concrete crushes after experiencing large 
deflections and lots Of cracks. On the other hand, if the beam is reinforced with a 
large amount of steel, brittle failure will occur. The failure in this case is sudden 
and occurs due to the crusfiing of concrete in the compression zone without 
yielding of the steel and under relatively small deflections and cracks. This is 
not a preferred mode of failure because it does not give enough warning before 
final collapse. 
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2.3 Flexure Theory of Reinforced Concrete 

2.3.1 Basic Assumptions of the Flexure Theory 

In order to analyze beams subjected to pure bending, certain assumptions have 
to be established. These assumptions can be summarized as follows 

1. Strain distribution is assumed to be linear. Thus, the strain at any point 
is proportional to the distance from the neutral axis. This assumption 
can also be stated as plane sections before bending remain plane after 
bending. 

2. The strain in the reinforcement is equal to the strain in the concrete at 
the same level. 

3. The tension force developed in the concrete is neglected. Thus, only 
the compression force developed in the concrete is considered, and all 
the tension force is carried by the reinforcement. 

4. The stresses in the concrete and steel can be calculated using the 
idealized stress-strain curves for the concrete and steel after applying 
the strength reduction factors. 

5. An equivalent rectangular stress block may be used to simplify the 
calculation of the concrete compression force. 

The above assumptions are sufficient to allow one to calculate the moment 
capacity of a beam. The first of these assumptions is the traditional assumption 
made in the development of the beam theory. It has been proven valid as long as 
the beam is not deep. The second assumption is necessary because the concrete 
and reinforcement must act together to carry the load and it implies a perfect 
bond between concrete and steel. The third assumption is obviously valid since 
the strength of concrete in tension is roughly 1/10 of the compressive strength 
and the tensile force in the concrete below the neutral axis will not affect the 
flexural capacity of the beam. The fourth and fifth assumptions will be discussed 
in items 2.3.2 and 2.3.3. 
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2.3.2 Stress-Strain Relationships 
2.3.2.1 Concrete in Compression 

The stress-strain curve for concrete is non-linear with a descending branch after 
reaching the maximum stress as shown in Fig. 1.4, presented in Chapter 1. The 
recorded maximum compressive stress in a real beam differs from that obtained 
in a cylinder or a cube test. Several studies have indicated that the ratio of the 
maximum compression stress in beams or columns to the cylinder compressive 
strength f /can be taken equal to 0.85 for most practical purposes. This accounts 
for the size effect and the fact that the beam is subject to a sustained load while 
the cylinder is tested during a short period. Furthermore, since the cylinder 
strength/,/ is about 0.80 of cube strength/„, the maximum value of the stress 
strain curve for beams or columns is 0.85 x 0.80 /„,= 0.67 f c „. For design 
purposes, the previous value is divided by the concrete safety factor ( y c —1.5 in 
case of pure bending) to account for the uncertainties explained in section 2.3. 
Hence the design compressive strength of the concrete as adopted by the 
Egyptian Code (ECP 203) is 0.67 f c ,/y c =0.45 f cu . 

The Egyptian Code presents an idealization for the stress-strain curve in 
compression. The first part of the curve is a parabolic curve up to a strain of 
0.002 and the second part is a straight horizontal line up to a strain of 0.003, as 
shown in Fig.2.2, Referring to Fig. 2.2, the equation of the concrete stress f. in 
terms of the concrete strain (e c ) can be expressed as: 



Fig 2.2 ECP 203 idealized stress-strain curve for concrete 
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2.3.2.2 Reinforcing Steel 

The behavior of the steel reinforcement is idealized by the Egyptian code 
(section 4.2.1.1)as an elastoplastic material as shown in Fig 2.3. The reinforcing 
steel stress can be calculated using Eq. 2.I.B. 


Fig 2.3 Idealized stress-strain curve for steel 

f s = S s X E s when £ s < s y / y s 
fs = /* I Ys when £ s > e v / y t 




Photo 2.2 High grade steel Reinforcement 
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2.3.3 The Equivalent Rectangular Stress Block 

To compute the compression force resisted by concrete, the Egyptian Code 
replaces the curved stress block shown in Fig 2.4C by an equivalent stress block 
of an average intensity of 0.67 fa/Yc and a depth a= p c as shown in Fig. 2.4D. 
The magnitude and location of the force calculated using the equivalent stress 
block should be equal to that of the curved one. 



B: strain C: parabolic stress D: equivalent rectangular 

distribution stress block 

Fig. 2.4 Equivalent rectangular stress block calculation. 

To calculate the depth “a” of the stress block, one equates the compression force 
obtained using the stress-strain curve of the Egyptian Code, shown in Fig. 2.4C, 
to that using the equivalent stress block (Fig. 2.4D). 

The total compression force (C=C 1 +C 2 ) obtained using the stress-strain curve of 


the Egyptian Code can be calculated as follows: 

c,=,&xjjx/;j.:.(2.2) 

c 2 =*x|x^x/; =m*x/;) .< 23) 

C = C, +C, = -x6x/‘ + — xbxf' = —cxix/' . (2.4) 

1 J 3 9 9 

The compression force obtained using the stress block C' equals 

C' = bxaxfJ =j3c'xbx.f* .(2.5) 
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By definition, C must be equal to C', thus solving Eq. 2.4 and Eq. 2.5 for (3 gives 

P = — = 0.777 
9 

The code approximates the previous value to (3=0.8, thus the rectangular stress 
block depth (a=0.8 c). 

To find the location of the total compression force C', take the moment of the 
forces at point “o” and note that the C.G of the force F-> is at 3/8 of the distance 
(2/3c) 

C'**,r = C,(i*i] + C,*(!x^ + £).(2.6) 

Icxbxfr'xk, C = |x6x/;^j + |cx/>x/ r *^cj .(2.7) 

k,=0.404 

The code simplifies the value of k t with (3/2=0.4 (i.e. the resultant is at the 
middle of the stress block) 



Photo 2.3 Metropolitan Government Building in Tokyo 
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2.4 Analysis of Singly Reinforced Sections 

Concrete beams subjected to pure bending must resist both tensile and compressive 
stresses. However, concrete has very low tensile stresses, and therefore tension steel is 
placed in these locations (below neutral axis) as shown Fig. 2.5. The most economic 
solution is to place the steel bars as far as possible from the neutral axis except for the 
concrete cover, which is normally assumed 50 mm from the external surface. 



cracked section A-A 


Fig. 2.5 Reinforcement placement in reinforced concrete beam 


The compressive stresses in concrete are replaced by a uniform stress block as 
suggested by the Egyptian Code (section 4.2.1.1.9) with distance “a” from the 
concrete surface as shown in Fig. 2.6. 
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The analysis of the cross section is carried out by satisfying two requirements: 

• Equilibrium 

1. Forces (internal) = Forces (external) 

For sections subjected to pure bending, the external forces equal to 
zero. This leads to 

Forces (internal) = 0 =s> T-C = 0 => T = C 

2. ]TM u (internal) = (external) (taken about any point in the section) 

• Compatibility of Strains 

1. The strain at any point is proportional to its distance from the 
neutral axis. 


Therefore, if the design problem has more than two unknowns, assumptions 
have to be made to reduce them to exactly two. The stress in the tension steel is 
assumed to be equal to the yield strength f r This assumption should be verified 
after determining the neutral axis position. The equilibrium of the internal forces 
is used to determine the stress block distance “a” as follows: 


0.67 f cu ba _ A f y 
1.5 ~ 1.15 

If the tension steel does not yield Eq. 2.9. A becomes 

0-67 fm b a . 


.(2.9 .A) 


.(2.9.B) 


. Compression zone 


Neutral axis 


a/2 

1 M u 

1 0.67 Z,,ba ^ 

~i — c ‘ Ts X 


T=A s f/1.15 


Fig. 2.6 Equilibrium of forces in a singly reinforced section 
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Having determined the stress block distance a, the assumption of the tension 
steel yielding can be verified using compatibility of strains as follows (c=a/0.8 
and E s —200,000 N/mm 2 ) 

f s =E s xs s ...(Hook’s Law) 



If the steel stress^ calculated by Eq- 2.10 exceed f } J\ .15, then the assumption of 
the yielding of the tension steel is valid (f s =fy/lA 5) as used in Eq. 2.9.A. 

The second equilibrium equation is used to determine the moment capacity of 
the section by equating the internal moment to the external applied moment M u . 
The internal moment capacity is computed by taking the moment of the internal 
forces about any point. Normally, this point is taken at the resultant of the 
compression force C to simplify the calculations. The internal moment in this 
case is the product of the tension force multiplied by the distance to the 
compression force. This distance is called the lever arm (d-a/2) as shown in Fig. 
2.7. The equation for the moment is: 

M I.,...(2.11.A) 

* 1.15 f 2) 


If the tension steel does not yield, Eq. 2.11. A becomes 



T=A S f s steel does not yield 

Fig. 2.7 Stress and strain distributions of a singly reinforced section 
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2.5 Maximum Area of Steel of a Singly Reinforced 
Section 

The balanced failure occurs when the concrete strain reaches a value of 0.003 at 
the same time that the steel reaches the yield strain divided by the reduction 
factor (Sy/y s ) as shown in Fig. 2.8. 



Fig-2.8 Neutral axis position at the balanced condition 


From similar triangles shown in Fig. 2.8, one can conclude that 


c b _ 0.003 

d 0.003+ — 


.( 2 . 12 ) 


where c b is the neutral axis at the balanced failure. The steel Young’s modulus 
E s equals 




.(2.13) 


1 £ S / Y 

y y ' i 

' Substituting with steel Young’s modulus E s =200,000 N/mm 2 and y s = 1.15 gives 


d 690 + /,, 


.(2.14) 


If c < c b , then the strain in the tension steel is greater than e s /y s and that the 
tension steel yields. To ensure ductile failure the ECP 203 requires that the value 
of c max be limited to 2/3 c b . Substitution in Eq. 2.14 and referring to Fig. 2.9 
gives the following equation 
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Fig. 2.9 Neutral axis position for calculating the maximum values 
allowed by the code 


The ratio of the reinforcement in the concrete section (p) is an indication to 
show if the section is lightly reinforced or heavily reinforced and can be 
expressed as: 


.(2.17) 


After finding the maximum neutral axis position c max , it is beneficial to compute 
the maximum area of steel A s , max recommended by the code. To find the 
maximum area of steel, apply the equilibrium equation (C=T) with neutral axis 
at Cm ax as shown in Fig. 2.9. 


0-67 f„ba m 


.(2.18) 


Diving both sides by (b x d) gives 


0'67 f m __ Amax f ,, 

1.5 d 1.15 


.(2.19) 
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substituting with Eq. 2.16 into Eq. 2.19 gives 


( 2 . 20 ) 

The ECP 203 limits the reinforcement ratio p to p max given by Eq. 2.20 to 
ensure ductile failure. Moreover, it is a good practice, from the economic point 
of view, to limit the area of steel reinforcement in beams to only 0.5-0.7 p max . It 
can be noticed that steel with smaller f y will have smaller yield strain s y leading 
to larger neutral axis distance c max as shown in Table 2.1, Thus, the smaller the 
steel yield strength, the larger the maximum permissible steel ratio p max as 
shown in Fig. 2.10. 



240 280 320 360 400 


. f y N/mnf 

Fig. 2.10 Effect of f cu and f y on p max 

It should be clear that if for a given section the neutral axis distance “c” is less 
than neutral axis maximum value c max , then the steel is yielded, the actual area of 
steel A s , and the applied moment M u is less than code maximum limits as 
indicated in Eq. 2.21. 
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Defining co = /r—f- 

J C.U 


<y max = Mm 


Substituting with the value of p max determined from Eq. 2.20 gives 


690 + /; 


Table 2.1 Values of Cmax/d, Pmax? ©max 
[Steel c b /d "j c max /d a max /d R max Rln 


240/350 0.74 0.50 0.40 0.214 0.143 8.56X10- 4 f a 


280/450 0.71 0.48 0.38 0.208 0.139 7.00x1 O' 4 f CL 


360/520 0.66 0.44 0,35 0.194 0.129 5.00x1 O’ 4 f ct 


400/600 0.63 0.42 0.34 0.187 0.125 4.31x10 f ol 


450/520** 0.61 0.40 0.32 0.180 0.120 3.65x10' 4 f cu 0.164 



* f cu in N/mm 

* * for welded mesh 
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2.6 Balanced, Under, and Over Reinforced Sections 

In general, an under-reinforced section is the one in which reinforcing steel 
yields before the crushing of concrete. An over-reinforced section is the one in 
which failure occurs due to the crushing of concrete in the compression zone 
before the yielding of the steel. On the other hand, a balanced section is the one 
in which yielding of steel and crushing of concrete occur simultaneously. 

According to the analysis carried out in section 2.5, one can conclude that if the 
section is reinforced with p less than p b (=1.5 p max ) it is called "under 
reinforced". On the contrary, if the section is reinforced with p greater than p b , 
it is called “over reinforced". The under-reinforced sections are preferred 
because they fail in a ductile manner, in which the member will experience large 
deflections, large strains, and wide cracks. This gives enough warning so that 
repair can be performed on that member. On the other hand, over reinforced 
sections will fail suddenly without enough warnings. Figure 2.11 gives the 
strain distributions and the related values of the three sections 


Under Reinforced 

C < 'C;iiax and (t^Cb) 
P^Pinax and (P < ~Pb) 

f s =f/1.15 

Maximum Condition^^X 

C“"C ma x and '' S>s v ^ 

M'”P , max and (P' < '}^b) ✓ „ 

f s =fy/U5 


I j S s <Sy/1.15 

| € S =€y/1-15 
^ ej>Sy/1.15 

£ s >s/1.15 


. Balanced condition 

C^Ctnax and C b ) 
P-^Pmax and (P Pb) 

f s =f y /1.15 


Over Reinforced 

G^Cmax and 
p :> Pn]Hx and (P^Pb) 

f s <f/1.15 


Fig 2.11 Strain distributions for over, under and balanced sections 
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2.7 Minimum Area of Steel 

In some cases, and mainly due to architectural considerations, the member could 
be chosen with concrete dimensions bigger than those required by strength 
calculations. Accordingly, the required area of steel could be very small. This 
may lead to situations where the strength of the section using cracked section 
analysis is less than the strength of the uncracked section computed using the 
tensile strength of concrete. 

The failure of such sections is brittle and wide cracks tend to develop. Thus, to 
control cracks, to ensure ductility, and to avoid sudden failure in tension, the 
Egyptian code (4.2.1.2.g) requires that the actual area of steel A s in any section 
should be greater than A smin given by: 


= smaller of 


0.225 1 1 

- ~^b d>—bd 

fy fy 


.(2.29) 


0.25 , 

——■ b d(mild steel) 

but not less than- 

b d {high grade) 

If f cu 1S greater or ec l ual t0 25 N/mm 2 the term (0.225 /f y b d) is bigger than 
(0.25% b d) and (0.15% b d). Thus, there is no need to check the third condition 
in Eq. 2.29, if 0.225 yjf\Jf y <134,. The minimum area of steel in this case can 
be simplified to: • 



(2.30) 
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2.8 Factors Affecting Ultimate Strength 

There are several factors that affect the ultimate strength of a beam subjected to 
bending. These factors can be summarized as 

• Yield strength of reinforcing steel, f y . 

• Concrete compressive strength, f cu 

• Beam depth, d 

• Beam width, b 

• Reinforcement ratio, p. 

The effect of steel yield strength on ultimate strength is shown in Fig. 2.12A. It 
is clear that steel yield strength has a big impact on its ultimate capacity. 
Increasing the steel yield strength from 240 N/mm 2 to 400 N/mm 2 increases the 
ultimate capacity by 55%. On the other hand, concrete compressive strength has 
a little effect on the ultimate strength as shown in Fig. 2.12B. Changing concrete 
compressive strength from 20 N/mm 2 to 40 N/mm 2 increases the ultimate 
strength by only 5%. 

Comparing Fig. 2.12C and Fig. 2.12D shows that increasing beam depth affects 
the ultimate capacity more than increasing beam width. Increasing beam depth 
from 500 mm to 1000 mm increases the capacity of the beam by almost three 
times. Finally, increasing steel reinforcement ratio has a significant effect on the 
ultimate capacity as illustrated in Fig. 2.12F.. 


Photo 2.4 Interior reading halls in the Library of Alexandria 
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Mu/bd 2 


3.5 ~i 


3.5 



A-Effectof f y 



20 25 30 35 f 40 

•cu 


B-Effect of f cu 




150 

250 

350 450 

400 

600 

800 1000 



b(mm) 



d(mm) 


C-Effect of beam width (b) D-Effect of beam depth (d) 



E-Effect of reinforcement ratio p 


Fig. 2.12 Parametric study on the ultimate moment capacity 
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Analysis Summary 

In this type of problem all the cross section information is known including 
beam cross section dimensions, steel yield strength and concrete strength. It is 
required to calculate the moment capacity M u . 


ANALYSIS PROBLEM 

Given : b, t, A s f cu , f y 

Required : M u 
Unknowns: a, M u 


Procedure 

o Step 1: Apply the equilibrium equation T=C to find the depth of 
the stress block, “a” and the neutral axis depth “c” 
assuming that tension steel has yielded f s =f/1.15. 
o Step 2; Check that tension steel has yielded (f s > fy/1.15) by 
ensuring the c<c b or by using Eq.2.10. 
o Step 3: Compute the bending moment capacity M u by taking the 
moment about the concrete compression force. 



Photo 2.5 Cantilever box section in a reinforced concrete bridge 
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Example 2.1 

Determine whether the section shown in figure is under-or-over- 
reinforced section and check code maximum permissible area of 
steel for the following cases 

1. A s = 500 mm 2 

2. A s =1000 mm 2 

3. A s =1500 mm 2 

4. A s =2000 mm 2 

f cu =25 N/mm 2 , f y =360 N/mm 2 

b=150 



Solution 

To determine whether the section is under-or-over-reinforced, one has to 
calculate the balanced area of steel A sb . 

From the code Table 4-1 or Table 2.1 in this text one can. get : 

JW=5 x 10 -4 f cu =5 x Iff 4 x 25= 0.0125 

A sam =v u n,« 6ef=0.0125xl50x600 = 1125mm 2 

but c max 2/3 c b ox' A smax 2/3 A sb 

A sb = 3/2 x 1125-1687.5 mm 2 

0.225\[25 


- x 150 x 600 = 281 mm 2 


A im„ = smaller of 
Thus, all sections satisfy the minimum area steel requirements 


360 

1.3x(500) = 650 mm 7 


— 281 ... <A, :..o.k 
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Case 1: A s = 500 mm 2 

under reinforced (A s <A s b) 

Code limit safe (A s <A sn , a x) 

Case 2: A s = 1000 mm 2 

under reinforced (A s <A S b) 

Code limit safe (A s <A smax ) 

Case 3: A s =15O0 mm 2 

under reinforced (A s <A S b) 

Code limit unsafe (A s >A smax ) 

Case 4: A s =2000 mm 2 

over reinforced (A s >A sb ) 

Code limit unsafe (A s >A sma x) 


Note 1: An alternative method for calculating the balanced area of steel is as 
follows: 

^7 = "-V = -- 69 ®— = 0.657 c 6 =( 0.657 x 600)=394.2 mm 

d 690 +f. 690 + 360 

a b =0.8 c b = 0.8 (394.2) = 315.36 mm 

0.67 f cu b a„ _ A sh f y , . 

1.5 1.15 

0.67x25x150x315.36 A sb x360 
1.5 ~ 1.15 

A sb =l687.4 mm 2 
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Example 2.2 

For the cross-section shown in figure: 

A- Determine the bending moment that the reinforced concrete section can carry 
if A s =1200 mm 2 . 

B- Determine the maximum area of steel that can be used in this section 
C- Determine the maximum moment that can be resisted by the section 
f c „=25 N/mm 2 and f y =400 N/mm 2 



Solution 

Stepl: Apply equilibrium equation T-C 

Assume tension steel yields 

0-67 /,„ b a _ A s f y 

1.5 1.15 

0.67x25x250 xa 1200x400 

1.5 “ 1.15 

a= 149.51 mm 

£ = a/0 -8° = o. 3 ii 
d d 

a/d = 0.249 > a/d) min (0.1) ....ok 


0.67 /„„ 0.67x25 

1.5 ~ 1.5 





S s >S y/ 1.15 T=A S f/1.15=1200x400/1.15 


Stress and strain distribution in the 
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Step 2: Check f s 

From Table 2.1 for^=400N/mm 2 —> c b /d=0.63 
Since c/d(0.311) < Cb/d (0.63) then f s =yi.l5 

Since c/d (0.31 l)<c max /d (0.42) then the beam satisfies code requirements 
(A s <A smax and M u < M umax ) as will be shown in step 4.1 and 4.2 

Step 3: Calculate bending moment M u 


= 1^x400 f m _U9SV\ m 219 23x1 q6 = 219 . 23 kNm 
1.15 2 J 

Step 4.1: Calculate Maximum Area of steel A s mox 

From Table 2.1, p m ax = 4.31xlO J> ^„ 
p max = 4.31xl0' 4 (25) =0.01077 
A s , max = p max b d =0.01077 x 250 x 600 
As, max = 1616 mm 2 

Step 4.2: Calculate Maximum Moment M u max 

From Table 2.1, R m ax= 0.187 

1.5 1.5x10 

Or, alternatively 
From Table 2.1, c max /d =0.42 

^max =0.8 x 0.42x 600 = 201.6 mm 


f >' f j a m-jx 


1616x400 f 201.6’) „ on£rxr 

■ ————— 600-= 280.6 kN.m 

1.15x10 l 2 J 


Final results M„=219 kN.m, A s . max =1616 mm 2 and M umax =280.6 kN. 







Example 2.3 

Determine whether the cross-section shown in the figure below can withstand an 
applied bending moment of 80 kN.m. 
f cu =30 N/mm 2 and f y =240 N/mm 2 




A s =600 mm 2 


Solution 

Stepl: Apply equilibrium equation T -C 

Assume concrete cover of 50 mm 

d = t-cover = 500-50 = 450 mm 


0-67 /„, b a A s f y 
1.5 1.15 

0.67 x 30 x 150 x a _ 600 x 240 
1.5 1.15 

a= 62.30 mm c=a/0.8=77.8 mm 

a/d = 0.138 > a/d) min (0.10) ... .ok 

0.67 X 30 



Stress and strain distribution in the beam 
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Step 2: Check f s 

From Table 2 -*• c b /d=0.74 and c max /d=0.5 
c/d = 0.173 < Cb /d (0.74) then f^f/1.15 

Since c/d (0.173)<c max /d (0.50) then the beam satisfies code requirements 


Step 3: Calculate bending moment My 


M.~ 


4 /, 

1.15 



M = 

u 


600 x 240 
1.15 



= 52.44 xlO 6 =52.44 kN.m 


Since M u (52.44 kN.m) is less than the applied moment (80 kN.m), the 
cross-section can not withstand the applied moment (unsafe). 



Photo 2.6 Reinforced concrete bridge during construction 
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Example 2.4 

Calculate the maximum moment that the beam shown in figure can sustain. 
Check whether the cross-section meets the code requirements regarding the 
maximum area of steel. 

The material properties are 
f u =25 N/mm 2 and f y =400 N/mm 2 



Beam cross section 

Solution 

Stepl: Apply equilibrium equation T -C 

0.67 f CM ba _ A s /, 

1.5 1.15 

0.67 x 25 x 200 x a 1700x 400 - 

1.5 ~ 1.15 

a= 264.76 mm c=330.95 mm 

a/d = 0.756 > a/d) min (0.10)... .ok 

Step 2: Check f s 

c/d = 0.94 > Cb/d (0.63) tension reinforcement does not yield, we have to 
recalculate “a” thus fs equals 

f 6qq d-c 0.8x350- a 168000- 600x a 
c a a 
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Step 3: Re-calculate a 

0-67 1 ' b a 

1.5 5 is 

0.67 x 25 x 200 x a 

— = 1700x 


168000-600 a 


1.5 , a 

The above equation is a second order equation, solving for “a” gives 
a=195.94 mm c=244.93mm ^c/d=0.69 


, 350-244.93 2 f 400 

/ =600-= 257.4 Nlmm ... < - 

244.93 l 1.15 


Step 4: Calculate bending moment M u 


M.= A s fAd — 


, 19S94' 

M„ = 1700x 257.41 350 | = 1 1 0 .28 x 10 6 = 110.28 kNm 


Note: Since the steel does not yield, the cross-section is considered over¬ 
reinforced. Thus, the cross-section does not meet code requirements 
(c/d(0.69)>c max /d(0.42)). 
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Example 2.5 

A 3 mm steel plate with a yield strength of 400 N/mm 2 is glued to a concrete 
beam reinforced with steel bars (4016, f y =360 N/mm z ) as shown in figure. 
Determine the bending moment that the reinforced concrete section can resist. 
The concrete compressive strength of the beam is 20 N/mm 2 . 


• • *• 1 4016 
~ ^ IM * lll fp -steel plate 
to=3 mm 

1 «ifl mm ** 


Solution 

Stepl: Apply equilibrium equation T -C 

Area of the plate A p = 3 x 150 = 450 mm 2 
Area of the steel bars = 4016 = 804 mm 2 
C = T, + T 2 

Assume that both the plate and steel bars yield 

0-67 f m ba A,f r A, /„ 

1.5 1.15 1.15 

0.67 x 20 x 200 x a 804 x 360 450 x 400 
1.5 1.15 + 1.15 

a= 228.48 mm , c = — = — 28,480 = 285.6 mm 
0.8 0.8 


lLZ.il 


A s =804 

■■•••• 


T|=A S f y /1.15 
T 2 =A P fyp/1.15 
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Example 2.6 

A reinforced concrete beam has a cross section of concrete dimensions 
b=200mm and d=450 mm. Calculate the moment capacity and the area of steel 
using the idealized curves for concrete & steel, without applying safety factors 
(Y s =Yc=l) for the strain distribution shown in cases A&B. The idealized stress- 
strain curve for the concrete and steel is given below. 


0.0035 




Case A Strain 


Case B Strain 


320 N/mm' 



23 N/mm‘ 



Concrete 


Solution 


Case A 


From the strain distribution, the neutral axis depth “c" is determined as 
follows: 

£ = — Mg35 _ 
d 0.0035 + 0.005 


c=0.411x 450= 185.29 mm 
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• Force in the steel 

since e s (0.005) > 0.001 then from steel curve f s -320 N/mm 2 

• Force in the concrete 

The force in the concrete equals the stressed area multiplied by the width b. 
The concrete area can be divided into two parts as shown in the figure below 

x = -^92?- 185.29 = 105.88 mm 
0.0035 

xl =185.29-105.88 =79.41 mm 
C = C, +C 2 

200 mm xl=79.4 23 N/mm 2 


0 002 

“Z 1 

!-, 

^c=105.8 

T 


— <N 


8c—0.005 


= 2 3 x 105 .88 20() = 243524N 
2 


Isometric for 
Stress distribution 



C, = 23 x 79.41 x 200 = 365286 N 

4/,=c, + c 2 

A s (320) = 243524+365286 
A s =1902mm 2 

Note that the C.G. of force Q is at x/3 
Yi= 450-79.4-105.8/3=335.3 mm 
Y 2 =450-79.4/2= 410.3 mm 

M u = C, Y, +C 2 Y 2 = (243524 x 335.3 +365286 x 410.3)/10 6 =231.53 kN.m 
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Example 2.7 

Find the ultimate moment capacity for the cross-section shown in the figure 
below. 

f cu =30 N/mm 2 , and f y =360 N/mm 2 


80° 8(r 


— |«««/ A s =1600mm 2 

Solution 

In this problem we have two unknowns a and M u .. 

Step 1: Compute a. 

It should be noted that the code permits the use of the stress block for 
trapezoidal sections 

The total compression force C equals to the concrete stress (0.67 f cu /l .5) 
multiplied by the compressed area A c . Assume that tension steel has 
yielded(f s =fj/1.15) 

0-67 f cu A c _ A, / y 
1.5 1.15 

0.67x30x^ c 1600x360 

1.5 ~ 1.15 

Ac=37378 mm 2 



a tan 10 



A s =1600 Ss 



A s fv/1.15 


s=400-2 a tan 10 
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400 + ? 

A c = a ———- = a [400 -ax. tan(10)] 

37378 = 400 a-0.176 a 2 
Solving for a 
a=97.65 mm 
a 97.65 

c = — =-= 122.06 mm 

0.8 0.8 

a/d = 0.195 >a/d) min (0.1) ....ok 

Step 2: Check f s 

Since c/d (0.244) < c b /d (0.66), thus steel yields f s =f/1.15 

Since c/d (0.244)<c max /d (0.44) then the beam satisfy code requirements 

Step 3: Compute moment capacity, M u 

The concrete force is divided into two parts. The first is the two small 
triangles (Q) and the second is rectangular C 2 . 

C, = 2 x — xaxa tan(10”)x — ~ 7 * = 22530 N 
2 1.5 

Taking moment about concrete force C2 (a/2 from the top) 

The distance between Q and C 2 =— ' 6 ---- 79 ' 6 - = 79,65 
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Example 2.8 

Find the ultimate moment capacity that this cross-section can resist. The 
material properties for the beam are 
f cu =20 N/mm 2 , and f y =400 N/mm 2 



150 200 150 


Solution 

Step 1: Compute a. 

Assume that tension steel has yielded. Since we have two unknowns M u 
and (a), solving the equilibrium equations gives 

0.67 x f cu x A c A,f y 
1.5- 1.15 

0.67x20x4 1250x400 

1.5 ~ 1.15 

Ac=48670 mm 2 

Since Ac is grater than (200 x 180), thus the distance a is bigger than 180 
by the distance x 2 as follows 

48670 = 200xl80 + 500x 2 
x 2 = 25.34 mm 
a=180+x 2 =205.34 
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A c 200 


X2 fjy 


0.67 fa,/1.5 

gXjjl_ 


0.67x20/1.5 


Step 2: Check steel yield stress, f s 

c= a/0.8 =256.675 mm 
d=180+200+400-50(cover)=730 mm 
Since c/d(0.35)<c b /d (0.63), f s =f y /l. 15 

Since c/d(0.35)<c ma x/d (0.42) then the beam satisfy the code requirements 

Step 3: Compute moment capacity 



Taking moment about the tension force 
M.=C, (y l )+C 1 (y 2 ) 


„ 0.67 x20 200x180 „ 180 „ 

C = -r— = 321.60 kN —>■>'=730-= 640 mm 

1.5 1000 1 2 


067^ 500 x 25 34 ■ 

1.5 1000 


2.9 Design of Singly Reinforced Sections by First 
Principles 

To design a reinforced concrete section, the applied factored moment, concrete 
strength and steel yield strength must be given. It is then required to calculate 
the cross section unknowns including b, d and A s . 

If the beam supports a wall then its width is usually chosen equal to the wall 
width (either 120 mm or 250 mm). The width of the beams that do not support 
walls may be reasonably assumed to meet architectural requirements. • The 
assumption of the beam width leaves the designer with two unknowns ( d , A s ). In 
spite of having two equilibrium equations, one can not get these two unknowns. 
This is due to the fact that the stress block depth (a) is also an unknown. 

Two alternative procedures can be followed: 

1. The thickness of the beam is assumed as a function of the span as will be 
discussed in Chapter 6 in order to satisfy serviceability requirements such 
as deflection (span/10). This procedure is usually followed by practicing 
engineers. Apply the two equilibrium equations to obtain the remaining 
unknowns (a, As) 

2. The area of steel A s can be assumed. A reasonable assumption for such an 
area can be obtained by assuming that the lever arm equals to 0.8d. Since 
concrete compressive strength has a limited effect on the ultimate 
capacity, a further simplification can be attained by assuming that f cu =25 
N/mm 2 . Solving Eq. 2.9.A and 2.1 l.A for the area of steel A s , one can get 

(2.31) 

The assumed A s is approximately 0.9-1% of the cross sectional area (p=0.009- 
0.01). After assuming the area of steel, one can apply the two equilibrium 
equations to calculate the remaining unknowns (a, d). The procedure for using 
this approach is illustrated in example 2.10. 
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Procedure 

° Stepl : Make the necessary assumptions to keep only two unknowns 

• Assume the beam depth ( d) or assume p=0.01. 

• Or, assume area of steel, A s = (0.1 - 0.11) 

• If “b” is not given (assume b=120, 200, or 250 mm) 

° Step2: Apply equilibrium equation T=C to find the depth of the stress 
block, “a” (Eq.2.9) 

° Step3: Take the moment about the concrete force and calculate the 
area of steel or the beam depth (Eq. 2.11) 

° Step 4: Check minimum area of steel A smin (Eq. 2.30) 

° Step 5: Check the code limits M u , max , c max /d, A s , max (Eq. 2.21) 




"" x -'' V:* ■ V ~ -w-. 

v—■«». ^ 

'wm 'sr"'. ”5 

,.. :4 *3 • V we 

siw 'C'* ye^«*~vvyV' 

-41 ' i 


Photo 2.7 Reinforcement placement in a slab-beam roof 
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Example 2.9 

A singly reinforced concrete beam with a width of 250 mm is subjected to an 
ultimate moment of 270 kN.m. Find the beam depth and area of steel, then 
Calculate A smax and M umax . f cu =30 N/mm 2 and f y =400 N/mm 2 

Solution 

In this example we have three unknowns a, d, As and we have only two 
equilibrium equations, thus we have to assume one of the unknowns. 

Step 1: Assumptions 

A max =4.31x 10^x30 = 0.0129 

Assume p<p max —►—>Assume p=0.01 

A s = p. b d = 0.01 x 250 x d =2.5 d .(1) 

Step 2: Calculate a 

0-67 f eJl ba A s f y 
1.5 1.15 

0.67 x 30 x 250 x a 2.5 dx 400 
1.5 ~ 1.15 

a=0.2596d 

a/d = 0.2596 > a/d) min (0.1) ....ok 


0.67 x30 
















27QXH) 

1.15 l 2 


d=597 mm 


From Eq. (1). A s = 2.5 d =1493 mm 2 

Rounding d to the nearest 50mm, d=600 mm and A s = 4<J)22 (1520 mm 2 ) 

Step 4: Check A smin 

0.225^30 

-250 x 600 = 460 mm 2 

400 

A !mi „ = smaller of • = 460mm 2 <A s -- o.k 

1.3x1493 = 1940 mm 1 

Step 5: Check A smax , M umax 

From the code ji max = 4.31x10^ f cu c max /d =0.42 and R max =0.187 
p max = 4.3 lxlO- 4 (30) =0.01293 
a max =0.8 x 0.42x 600 = 201.6 mm 

A Simax = (4 max b d =0.0129 x 250 x 600 =1939 mm 2 > A s .o.k 


1939x4 0 0 7 00 _201^ 
1.15 l 2 J 1.15xl0 6 l 2 


600—- J = 337 kN.m 


«... .ilg «36»2»«<i00» _ 3yJirlm 

' 1.5 1.5xl0 6 


0.67 x30 



Calculation of M un)ax 


Example 2.10 

A singly reinforced concrete beam is subjected to an ultimate moment of 330 
kN.m. Find the beam depth and area of steel. 

The material properties are: 
f cu =25 N/mm and f y =280 N/mm 2 

Solution 

Step 1: Assumptions 


In this example we have four unknowns b, a, d, A s and we have only two 
equilibrium equations, thus we shall assume two ( b, A s ) 

Assume b=200 mm 


= 0.11 


M u b 
fy 


= 0 . 11 . 


330 xlO 6 x 200 


280 


=1689 mm 1 


0-67 f cu 

b=200 1.5 



Step 2: Calculate a 

°- 67 f cu ba _ A s f y 
1.5 1.15 

0.67 x25x 200x a 1689x280 
1.5 “ 1.15 


a=184.12 mm 












Step 4: Check As min 

- °' - 5v/ ^ 200x900 = 719mm 2 
280 

4 jmin ^smaller of ■ =1\9mm 1 <A s ---o.k 

1.3x1689 = 2195 mm 2 

Step 5: Check A smax , M umax 

Since c/d(0.26) < c max /d (0.48) then A s <A smax and M u <M umax 



Final design 

Note 

1. The reinforcement is arranged in two rows. 

2. The depth of the beam is measured from the c.g of the reinforcement. 


2.10 Design of Singly Reinforced Sections Using 
Curves 

Design aids are very useful tools in designing reinforced concrete sections. To 
prepare the design aids, equilibrium equations and compatibility of strains are 
utilized. There are several charts that can be used in the design process. We 
shall present several design charts followed by design examples to explain how 
to use such design aids. 

2.10.1 Design Charts (R-p.) 

Applying the equilibrium equation for the forces shown in Fig. 2.13 

0-67 f cu b a _ A S /, 

1.5 1.15 

Dividing by (b x d) and noting that p=A s /(b .d) 


a Idx/ix/, 
d ~ 0.67x1.15x/^ 


1.9468 


Ax/, 

fcu 


(2.32) 


Taking moments about the concrete force C 



M u __ M fy L _ _1 af j 
bd 2 ~\.l5{ 2d) 


(2.33) 

(2.34) 


Substituting with Eq. 2.32 in Eq. 2.34 gives 



(2.35) 












Substituting different values of p in the Eq. 2.35, the relation between R u , p can 
be established. Fig. 2.14 shows an example of such curves. Appendix A 
contains R-p design charts. 



0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 

|4 


Fig. 2.14 Example of R u -p design curve 


2.10.2 Design Chart (R-©) 

Defining © as 


Jcu 

Subsisting the value of © in Eq. 2.32 gives 

— = 1.9468 a 
d 

Dividing Eq. 2.35 bygives 



(2.37) 

(2.38) 


Substituting different values of© in the Eq. 2.38, the relation between Rl, © 
can be established. The curve should be terminated at the value of © max listed in 
Table 2.1 and Eq. 2.23. Fig. 2.15 shows an example of such curves. Appendix A 
contains R1-© design chart. 



Fig. 2.15 Example of R1-© design curve 











Summary 

The following table illustrates the use of the charts depending on the example 
information: 


d is given, A, required 

1. Calculate Rl or R u or K u 

2. Use charts (R-co or R-p 

or K u -p) to determine p or <» 

3. Calculate A s 

4. Check A sm ; n and A smax 


A, is given, d required 

1. Calculate p or co 

2. Use the charts to determine 
Rl or R u or K u 

3. Calculate d 

4. Check A sm j n and A^ax 



Note 1 : Each curve terminates at the value of the maximum reinforcement 
ratio Pmax or co max . Thus, there is no need to check the maximum 
moment,or the maximum area of steel as long as the point is less than 
the maximum limit. 


Note 2: It should be noted that beam depth needs to be increased if the point 
is located outside the curve as shown in Fig. 2.16. 



Fig. 2.16 Cases where the beam depth need to be increased 


Note 3: For small values of Rl(<0.04), co can be approximated by co=1.2 Rl. 



Note 4: If the both ( A s and d) are not given, consider assuming p=0.008-0.01 
and proceed as the previous procedure 


Note 5: It should be noted that we have to check A smin using Eq. 2.30 even if 
M' > Emin on the curve, because the curve tests only the value of 1.1 lf y 
Note 6: Since sometimes the beam depth is not known, a reasonable 
estimation for “d” can be concluded by assuming a=0.1 d and 
p=0.01 and substituting in Eq. 2.34. gives: 


Note 7: The design curves can be presented in a tabular form (R u -p) or (R, 
K u ) as given in appendix A 


Photo 2.8 Trammell Crow Center (209m ,50 stories) 










Example 2.11 

A reinforced concrete cross-section is subjected to a bending moment of a 
factored value of 400 kN.m. The beam has a width of 200mm. It is required to 
design the cross section using the (Rl-oo) curve, knowing that f cu =30 N/mm 2 
and f y =280 N/mm 2 . 

Solution 

Step 1: Assume p and get R1 

Since both ( A s and d) are not given, then —>—> assume p=0.01 

co = m — = 0.01 — = 0.0933 
fa, 30 

From the chart with ©=0.0933, Rl=0.074 



Step 2: Compute d, A s 

M „ 


Rl- 


0.074 


fc,bd 2 

400 xlO 6 


30x200xtf 2 

d=949 mm 


30 


A, =0.0933x200x949— = 1899 mm 2 
280 


Take d=950 mm, t=l000mm 


Step 3. Check A sm j„, A smax 


° - 2 5 -^ bd = °- 225 ^ x 200x 950 = 836 J 2 

d smi „ =smaller of f y 280 =83 6mm <A s ....o.k 

1.3^=1.3x1899 = 2469 
Since Ri<R limait thus A 5 <A smM .o.k. 


7 inal Result: d=950 mm, t=1000 mm, A.=1899 mm 2 


200 



Final design 







Example 2.12 

A reinforced concrete cross-section is subjected to a bending moment of a 
factored value of 350 kN.m. The beam has a width of 250mm. It is required to 
design the cross section using the (Ru-p) curve, knowing that f cu =25 N/mm 2 


and f y =400 N/mm . 


Solution 


Step 1: Assume p and get R u 

Since both (A s and d) is not given, then, 
Assume R= 1/2 R max —>—>—» R u =2.4 

From the curve p= 0.8% (0.008) 


R u =2.4 



Step 2: Compute d, A s 

M.. 


|i=0.80% p max 


350xl0 6 
250 xtf 2 


>d=763 mm 


A s = nbd = 0.008x250x763 = 1526 mm 2 =15.26 cm 2 
Take d=800 mm, t=850 mm 

Note: it is more economical to use the calculated depth (763 mm) not the 
chosen depth (800 mm) to compute A s 

Step 3: Check A smin , A smax 


\ m(,i = smaller of 1 f y 


,250,800-563 

400 


= 563 mm 1 <A, . o.k 


1.3 A, =1.3x1526 = 1983 


Since p < p max , thus A s <A stnax .:.o.k 


Example 2.13 

A reinforced concrete cross-section is subjected to a bending moment of a 
factored value of 290 kN.m. The beam has a width of 150mm. It is required to 
design the cross section using the (R u -k u ) table, knowing that the material 
properties are f cu =40 N/mm 2 and f y =360 N/mm 2 . 

Solution 

Stepl: Assume p and get K u 

Assume p= 0.8% (0.008) 

From the table (R u -k u ) with f y =360 N/mm 2 determine K u =0.655 

Step 2: Compute d, A s 

d = K = 0.655 J- ' -* 1 ' ' - =910.74 mm 

u \ b V 150 

A s = n b d = 0.008 x 150 x 910.74 = 1093 mm 2 =10.93 cm 2 
d=950 mm t=1000 mm 

Note: use the calculated depth (910 mm) to calculate A s 

Step 3. Check A sm i n , A smax 

0X95O.M3 ■ , t 

A -smaller of f . 360 =563 cm <A . o.k 

smtn J J J y s 


1.3 A, =1.3x1093 = 1421 


SillCC |i. }-lmax5 thnS A^^A-smax.. • • • *0*^ 


?inal Result: t=100Q mm, As^lQgS mm 



A s =1093 mm 


Final design 












Example 2.14 

Redesign the beam in example 2.9 using the design aids (R u -p) and 
assuming that d=600 mm 

Solution 

Step 1: Estimate A s 

Calculate R u 

R _ M u 270 xlO 6 
“ bd 2 250x600 2 

From the chart (f y =400 N/mm 2 and f cu =30 N/mm 2 )with R u =3—»p=0.99 
0 99 

A = ju b d = —— 250x600 = 1485 mm 2 
1 100 

Compare the previous value with A s obtained from example 2.9 (1493 mm 2 ) 



Step 2: Minimum and Maximum, A s 

Since R u is less than the R utnax value in the curve, thus A s <A smax 


A s«m = smaller of 


bd = 9 . : 225 ^ x 250 x 600 = 462 

f y 400 =462mm 2 <A s . ok 

1.3 A, =1.3x1485 = 1930 


Example 2.15 

Determine the value of the ultimate load (P„) that can be applied to the 

beam shown in the figure using design aids. 

f cu =25 N/mm 2 and f y =360 N/mm 2 (Neglect own weight of the beam) 



1245 = co -200 x700 

360 

©=0.128 

From the chart (Rl-©) with ©=0.128 get Rl=0.097 



25 x 200 x 700 2 


M u = 237.65 kN.m. 


The maximum moment occurs at midspan and equals to M u =- JL 


PxL 


237.65 = 


P„ x5.4 


P u =176.04 k.N. 











Photo 3.1 Edgar J. Kaufmann House (Falling-water), Frank 
Lloyd Wright 1936, (6 m cantilever) 

3.1 Doubly Reinforced Sections 

3.1.1 Introduction 

Doubly reinforced sections are those that include both tension and compression 
steel reinforcement. In most cases, they become necessary when architectural 
requirements restrict the beam depth. 

From the economic point of view, it is recommended to design the member as a 
singly reinforced section with tension reinforcement only. If the required area of 
the tension steel exceeds the maximum area of steel recommended by the code, 






compression steel should be added. Adding compression steel reinforcement 
may change the mode of failure from compression failure to tension failure or 
may change the section status from over-reinforced to under-reinforced section. 
Compression steel also reduces long-term deflection and increases beam 
ductility. For economic considerations, the Egyptian code recommends limiting 
the compression reinforcement amount to only 40% percent of the tension steel. 

The compression area of steel A' s is usually expressed as a ratio from the tension 
area of steel A s as follows: 

/ = « / .C 3 - 1 ) 

where a usually ranges from 0.1 to 0.4. 

Despite all of the aforementioned benefits, adding compression steel in 
reinforced concrete beams will not increase the section moment capacity 
significantly. This is because the tension force is constant (T = A s fy/1.15) and 
the lever arm between the tension force and the resultant of the two compressive 
forces (in concrete and in steel) is slightly affected by adding compression 
reinforcement. This can be noticed by examining Fig. 3.1. In this figure, the 
vertical axis gives the percentage increase in the capacity of a doubly reinforced 
section as compared to an identical one without compression steel. 

The use of compression steel is more beneficial when the tension steel provided 
is near the maximum allowed percentage of steel /w. Adding compression 
reinforcement with a=0.6 will increase the beam capacity by 6 to 13 percent for 
beams with p=0.8% and p= respectively. 



3.1.2 Analysis of Doubly Reinforced Sections 

Case A: compression steel yields 

The equilibrium of forces and strain compatibility shall be applied to analyze the 
section. The strain distributions and the internal forces in beams with 
compression reinforcement are shown in Fig. 3.2. The compressive force is the 
sum of two parts; i) concrete force C c , and ii) compression steel force C s . 


0.67 f„, /1.5 



j /~ . | s^Ej/ 1.15 T=A s f y /1.15 

b 

Fig. 3.2 Analysis of sections with compression reinforcement (steel yields) 


It will be assumed that both the compression and the tension steel have yielded. The 
stress block distance “a” is calculated utilizing the equilibrium of forces as follows 


Compression force = Tension force.( 3 . 2 ) 

C ' + C s = T ...(3.3) 


0-67 f cu ba t A' s f y _ A s f y 
1.5 1.15 1.15 


(3.4) 


The compression steel stress/) is checked using compatibility of strains as follows: 


s', = 0.003 —- = 0.003— °' 8 
c a 


// = s', xE, = 600 —- = 600 —9- A ll 
C a 


If the value of/ in Eq. 3.6 is less than//l.15, the analysis should be carried out 
according to the procedure outlined in case B. On the other hand, if//in Eq. 
3.6 is larger than// 1.15, the assumption of yielding of compression steel is 
valid and the moment capacity can be determined by taking the moment of the 
forces around the concrete force as follows: 



(3.7) 





















Simplified Approach for the Analysis of Doubly Reinforced 
Sections 

The previous procedure indicates that the compression steel strain e' s is affected 
by the distance d' (refer to Fig. 3.3). The compression steel yields if the distance 
d' is small compared to the neutral axis distance as presented by Eq. 3.6. 

Setting f s = f/1.15, one can solve Eq. 3.6 for the maximum d' that ensures 
yielding of the compression reinforcement. 

it ( . f \ 

-ns- = 1.25 1 —.(3.12) 

a ^ 690 

If the value of the actual d'/a is less than the value d' max /a, the compression steel 
will yield and f' s equals to f/1.15. Table 3.1 lists the values of d' max /a that 
ensures yielding. 

The ECP 203 presents a simplified approach for such an analysis. It permits 
assuming that the compression steel yields if the ratio of the compression steel 
depth d' to tension steel depth d is less than the values given in Table 3.1, 
otherwise a compatibility of strains (Eq.3.6) has to be utilized. 


Table 3.1 Values of (d') to ensure yielding of compression steel 

















The simplified approach for the analysis of a doubly reinforced section can be 
summarized in the following steps 

Given : f cm f y , b, d ", d, A s and A' s 
Required :M U 

Case A: check if d'/d< code limits (Table 3.1), then compression steel yields. 

• Step 1 calculate “a” using Eq. 3.4. 

• Step 2 calculate M u using Eq. 3.7. 




3.1.3 Maximum Area of Steel for Doubly Reinforced 
Sections 

To ensure ductile failure of a doubly reinforced section, the neutral axis distance 
c max is limited to that of the singly reinforced section as given in Table 4-1 in the 
code or Table 2.1 given in Chapter 2. Thus, increasing the tension reinforcement 
above A s , max is allowed by the code only by adding compression reinforcement 
that keeps the same neutral axis distance as shown in Fig. 3.4.1. 

A doubly reinforced section can be looked at as composed of a singly reinforced 
concrete section and a steel section. The singly reinforced section (Fig. 3.4.II) 
has an area of steel equal to A s>max obtained from Table 2.1, and the steel section 
has the same amount of top and bottom steel of area A' s (Fig 3.4.111). Thus, the 
maximum area of steel for a doubly reinforced section A sd , max is given by 


A -A j . A’ 

"«/,max _ 'Ymax “ s 


.(3.13) 


A' = a A„ 


A,,/ — ■ 


.(3.14a) 


u max (for singly rft section (Table 2.1) 


.(3.14b) 


+ ...(3.15) 

where p max is obtained from Table 2.1. 

The yielding of the compression reinforcement can be verified by comparing the 
ratio d'/d and with the maximum allowed value given in Table 3.1. If the 
compression steel does not yield, the maximum area of steel can be obtained 
from: 


4,/.max b d + A, 


. /: 

'/,/!.!5 


.(3.16) 


Maximum Moment Calculation 

Referring to Fig. 3.4, the maximum moment for doubly reinforced sections 
M ud max can be calculated using the following procedure 

M ulLmax =M^+M‘..... ....(3.17) 


^ ud.m-dx ^4.mux 


+^AL(d-d’) 

1.15 


.(3.18) 












(3-19) 



where R max is obtained from Table 2.1 

An alternative procedure to obtain the maximum moment is to take the moment 
around the concrete compression force. Referring to Fig.3.4.I, the maximum 
moment is given by: 

M _ A zd, m« fy ( d _^jm^ + A ‘ .(3.20) 

""'" m 1.15 i, 2 J 1.15 l 2 J 

Note that if the calculated neutral axis location “c” is less than the maximum 
value allowed by the code “c max ” then the following rule applies: 



Photo 3.3 Peachtree Tower (1990), Atlanta USA (235m, 50 stories) 


i 

: 

I 




b 

I- Doubly reinforced cross-section 


0.67 fcu/1-5 
0.003 b—H 



b 

II- Singly reinforced section with A smax 



b 


III- Section with A' s top and bottom 

Fig. 3.4 Maximum moment and area of steel for doubly reinforced sections 




























Example 3.1 (compression steel yields) 

Find the moment capacity of the cross-section shown in Figure. Assume that d' 
= 50 mm and the material properties are: 
f cu = 25 N/mra 2 
f y = 400 N/mm 2 



Solution 

A s = 4022 =15.2 cm 2 = 1520 mm 2 
A' S = 2<D16 =4.02 cm 2 =402 mm 2 
d = 600 - 50 = 550 mm 

Step 1: Compute a. 

d'l d =50/550 = 0.09 

Since d'/d (0.09) <0.1 (Table 3.1), one can assume that compression steel 
yields. This assumption will be checked in step 2. Applying Eq. 3.4 gives: 

0-67 f m b a < A; f y A s f y 
1.5 1.15 1.15 

0.67 f„ 


A' s =402 0.003 f—7^] A' s fy/1.15=402 x 400/1.15 



95 


0.67 x 25 x 200 x a 402x400 1520x400 

1.5 + 1.15 ~ L15 

a= 174.1 mm 

c = a/0.8 = 217.6 mm 

a/d = 0.317 > a/d) min (0.1)... .ok 

c/d = 217.6/550 = 0.396 

Step 2: Check f s and f' s 

/.'= 600-= 600-= 462 > ——.. .ok.... (compression steel yields) 

c 217.6 1.15 

f =600-= 600-= 917 > ...ok.... (tension steel yields) 

c 217.6 1.15 


• Since d'/d(0.09) <0.1 or d'/a (0.287)<(0.52, Table 3.1)then 
compression steel yields 

Since c/d(0.396) < (ct/d = 0.63, Table 2.1) then tension steel yields 

Step3: Compute moment capacity, M u 

Taking moment around concrete force C, and applying Eq. 3.7. 

“ 1.15 I 2 1.15 12 J 


fee 17 4-0 

402x400/174.1 _A 

V 2 J 

H- 

1.15 

2 '"J 


249.94*10° = 249.94 kN.m 


T inal Result: M„ = 249.94 kN. 







Example 3.2 

Calculate the maximum area of steel and the maximum moment capacity that is 
allowed by the Egyptian Code (ECP 203) for the doubly reinforced section 
shown in Example 3.1. The material properties are: f cu = 25 N/mm 2 and f y = 400 
N/mm 2 


• • •• Asd.„ 


Solution 

Step 1: Calculate maximum area of steel 

From Table 2.1 and for f y = 400 N/mm 2 : p max = 4.3 lx 1 O' 4 f cu , 

since d'/d (0.09) < 0.176 (at c = c nlax ), table 3.1, then compression steel has yielded 

A-sd.max — Fmax b d + A' s 

A,dm.x = (4.31 X 10- 4 X 25) 200 x 550 + 402 = 1587 mm 2 > A,(1520).o.k 

Step 2: Calculate maximum moment capacity 

From Table 2-1: R max = 0.187, c max /d = 0.42 for f y = 400 N/mm 2 
Using Eq.3.19 to find M ud , max 

M *i.™ = { a ‘ b ~+4~(d ~d') 


0.187 x25x200x550 2 402 x 400 

M ull , m . a = ---+ -- (550-50) /10 6 =258.5 kN.m 

L 1.5 1.15 

The same result can be obtained using Eq.3.20 as follows: 
a m ax = 0.8 c max = 0.8 x 0.42 x 550 =184.8 mm 


— fy (£ 4 max V fy f a max ^ r 

1-15 l 2 J U5 I 2 . 


1587x400/_„ 184.8) 402x400/184.8 

'—TTs—\ 550 — l — 


-50 =258.5 kN.m 


2 


Example 3.3 (compression steel does not yield) 

Find the moment capacity of the cross-section shown in figure 
fcu = 3 0 N/mm 2 , and f y = 400 N/mm 2 



Solution 

d= 750 - 50 = 700 mm 

Step 1: Compute a. 

(T 100 

d ~ 700 ~ ^ > 0.10 (see table 3.1).. .compression steel does not yield 

We can use Eq 3.8 or Eq 3.10 to calculate a 

— ^ fcu d a , A,f, 

1.5 1 fs 1.15 

0.4466 b a 2 ~(A S />./1.15-600 xT' )a-480/t' d' = 0 > ■ 


3350a 2 -360869 a -24 xlO 6 =0 
Solving for the only unknown “a” 
a =154.2 mm—> c = 192.73 mm 

0.67 f cu 










Step 2: Check f s and f' s . 

f'= 600 — ——- = 288.6 N / mm 2 < compression steel does not yield 

192.73 1.15 

Since c/d(0.275) < Cb/d = 0.63 then tension steel yields f s = f y /1.15 

Step 3: Compute M u 

Taking moment around concrete force C c 


1.15 i 2) !Js [ 2) 1.15 l 2 sJs {2 


1900x400f 154 2 V 7154 2 3 

M= - 700--—— +500x288.6 i-^-100 = 408.3x10 6 = 408.3 kN.m 

1.15 l 2 l 2 ! 


?inal Result: 


rvrv 


3.1.4 Design of Doubly Reinforced Sections Using First 
Principles 

The same procedure used in designing singly reinforced sections is used for the 
design of doubly reinforced sections. The unknowns in these types of problems 
are the beam depth, area of steel, neutral axis position and the ratio of the 
compression steel a. 

Given :f cu ,f y , M w b, d' 

Required : d, A s and A' s 
Unknowns: a, d, A s and A' s 


Since we have only two equilibrium equations, we have to limit the unknowns to 
only two. If not given, the depth of the compression steel will be assumed 0.05- 
0.1 of the beam depth to ensure yielding of compressed bars for all steel grades. 
The design procedure can be summarized in the following steps: 


1. Make the necessary assumptions 
d'=0.05-0.10 d (compression steel yields for all f y ) 

Assume A s = fi mir b d —>(|-W for singly reinforced section (Table 4.1)) 

Assume a=0.2-0.4 and 
Equilibrium of forces gives 

0.67 f cu ba [ (a^A s )f y A, f, 

1.5 1.15 1.15 


Get a = Id 


Taking moment around the concrete force gives 



4 /, 

1.15 



<Ua 

1.15 {2 



Solve the above equation to determine (a, d), then calculate 

V ~ Mma b d 
A' s =a A s 

2. Check the minimum area of steel 

A > A • 

3. Check the maximum area steel and the maximum moment by ensuring that 

(c/d<c max /d) 


100 








Example 3.4 

The doubly reinforced section shown in figure is subjected to a bending moment 

of a factored value of 200 kN.m. 

d' -- 50 mm, f cu = 27 N/mm 2 , and f y = 280 N/mm 2 

Use the first principles to determine the required beam depth. 



Solution 

Step 1: Compute a. 

Assume that both compression and tension steel has yielded. 

This assumption will be checked later 
Given : f cu ,f y , M u , b, d', A s and A' s 
Required : d 
Unknowns : a, d 

Since we have two unknowns only in this example, nothing needs to be 
assumed. Apply the first equilibrium equation: 

0-67 f m b a [ A’ s f y _A s f y 
1.5 1.15 1.15 

0.67 x 27 x 250 x a 509 x 280 _ 2260 x 280 
1.5 1.15 “ 1.15 

a = 141.4 mm 

c= a/0.8 =176.75 mm 



Step 2: Compute beam depth d 

Taking moment around concrete force C c 

" 1.15 l 2) 1.15 \2 ) 

200x10- 2260xmf _14L4V 509 x 280f 14L4 ^ 

1.15 A 2 ). 1.15 V 2 J 

d = 429.5 mm 

Step 3: check f s and f' s 

d'/d = 50/429.5 = 0.116 

Since d'/d = 0.116 <0.2 (code limit for mild steel see table 3.1), thus 
f s = f/1.15 









Example 3.5 

A reinforced concrete cross-section is subjected to 265 kN.m. Architectural 
considerations require limiting the thickness of the section as much as possible. 
Economic considerations limited the value of a to 0.3. According to these 
constraints, design the cross section. Check the maximum area of steel and the 
maximum moments allowed by the code knowing that: 
b = 250 mm, f cu = 30 N/mm 2 , and f y = 360 N/mm 2 

Solution 

Step 1: Assumptions 

Given :f cu ,f y ,M u ,b,a(A' s ) 

Required : d, d', A s 
Unknowns : a, d, d', A s 

We have four unknowns, thus we shall assume two (d' and As(p)) 

1. Assume d'= 0.10 d 

2. Assume p = p max —> (for singly reinforced section) 
p = 5 x 10" 4 f cu = 5 x lO^x 30 = 0.015 

A s = jubd = 0.0\5x250xd = 3.75 d 
A' s = a A s =0.3x3.75 d = 1.125 d 

Step 2: Apply the equilibrium equation T=C Eq. 3.4 

Assume that compression and tension steel has yielded. 

0-67 f m b a | A: f y _ A s f y 
1.5 1.15 1.15 

0.67 x 30 x 250 x a 1.125 dx 360 _ 3.75 dx 360 
1.5 1.15 r 1.15 

a = 0.2453 d 

a/d = 0.2453 > a/d) min (0.1) ....ok 

0-67 f cu 



1.125 dx360 

0.2453 d 

1.15 

x 2 


Step 3: Apply the second equilibrium equation, Eq. 3.7 

Taking moment around concrete force C c 

1.15 l 2 J 1.15 l 2 J 


265x10 =——-- 

1.15 

265 xlO 6 = 1037.9 d 2 


d = 505.29 mm 

A s = 3.75 d = 3.75 x 505.29 = 1894.8 mm 2 
A' s =1.125 d =568.45 mm 2 
Take d = 550 mm, d' = 0.1 d = 55mm 

and t = 600mm 

Step 4: Calculate minimum area of steel 

* 550 = 470 

4, mi „ = smaller of f y 360 


-0.1 d 


360 

1.3d, =1.3x1895 = 2462 


= 470cm 2 <A e . ok 


Step 5.1: Calculate maximum area of steel 

Since d'/d (0.1) < 0.21 (from Table 3.1) and even less than the code value 
of 0.15, we can assume that compression steel yields. 

Asd.max = Mmax b d + A' s = 5x10^ x 30 x 250 (550) + 568.45 

Asa,™, = 2631 mm 2 > A s (1895) .... o.k. H 250 ^ . 

T ~m «" A' s =568 mm 2 


Step 5.2: Calculate maximum moment ^ 

A/f _ fc*J> d , Afy 


^ ml. max 


+ -ULLid-d') 

"".max 15 1.J5 

From Table 2.1 R max =0.194 

0.194 x 30 x 250 x 550 2 568 x 360 


• a •• A s =1895 mm 2 

Final design 


+ - -- (550 - 55) = 381 kN.m >M„(265) 

1.15 


Final Result: d= 550 mm, A s =1895 mm 2 and A' s =568 mmj 






Example 3.6 

Design a doubly reinforced concrete cross-section to withstand an ultimate 
moment of 265 kN.m by assuming area of steel. Check the maximum area of 
steel and the maximum moments allowed by the code, 
b = 250 mm, f cu = 30 N/mm 2 , and f y = 360 N/mm 2 

Solution 

Step 1: Assumptions 

Given :f C u,f y ,M u> b 
Required : d, d\ A s , A' s 
Unknowns : a, d, d\ A s , A' s 

We have five unknowns, thus we shall assume three ( d' and A s , A '/a)) 

1. Assume a=0.3, d'=50 mm 

2. use the approximate relation to assume A s , 


A. =0.11 


265 xlO 6 x250 


= 1492 mm 1 


\i f y V 360 

Take A s = 1500 mm 2 
A’ =« A s =03x1500 = 450 mm} 

Step 2: Apply first equilibrium equation T=C 

Assume that compression and tension steel has yielded. 
0.67 x30 x250x a _ 450x360 _ 1500x360 
1.5 + 1.15 1.15 

a = 98.12 mm and c = a/0.8 = 122.65 mm 

Step 3: Apply second equilibrium equation £M=0 

Taking moment around concrete force C c 

M, = L _°1 + 4A (£ _ d') 

1.15 l. 2 1.15 12 J 


.„ 6 1500x 360 (, 98.12) 450x360( 98.12 

265x10 *- d -+-50 

1.15 ^ 2 J 1.15 l 2 


• A' • 


A s 

• • • 



S S >Ey/1.15 


< A's fy/ 1.15=450x360/1.15 

■-C c 


J As fy/1. 15=1500x360/1.15 


105 


d = 614 mm. 


c/d = 122.65/614 = 0.2 


Since d'/d (50/614 = 0.081)< 0.15 (code limit for f y = 360 N/mm 2 ), then 
our assumption that compression steel has yielded is correct. 

Take d = 650 mm and t = 700mm 

Step 4: Calculate minimum area of steel 

, , 50-556 

A S mm = smaller of f y 360 = 556 cm <A S . o.k 

1.3/1, -1.3x1500 = 1950 

Step 5: Check maximum area of steel 

Since c/d(0.2) <0.44 (code limit for f y = 360 N/mm 2 ), then our assumption 
is correct and A s <A sd , max , M u <M ud , max . 


A'=450 


\ |. . «»| A s =1500 
Final design 


NOTE: The cross sections in Example 3.5 and 3.6 are subjected to the same 
bending moment, however, the same capacity was obtained using different depth 
and area of steel as shown in figure. For tire same moment capacity, area of steel 
may be reduced but the beam depth has to be increased. 











Example 3.7 

Design a doubly reinforced concrete cross-section to withstand an ultimate 
moment of 360 kN.m knowing that the beam thickness equals to 650 mm. 
b = 250 mm, f^ u = 35 N/mm 2 , and f y = 400 N/mm 2 

Solution 

Step 1: Assumptions 

Assume a=0.3, d'=50 mm, d = 650 -50 = 600 mm. Since we have two 
unknowns, (a and AJ, the equilibrium equations are used directly as 
follows: 

Step 2; Apply first equilibrium equation T=C 

d' / d =50/ 600 = 0.0833 <0.10 compression steel yields 


0.67 x 35 x 250 x a 0.3 x Ax 400 A x400 
-+-£- = _£- 


a = 0.0623 A s 


0.67x35 


• A' • 


0.003 ^ 

III! 


A' s fy/1.15=A' s X400/1.15 


A s 

• « s • 


e s >e v /1.15 


■ A s fy/1 .15=A S x400/1.15 


Step 3: Apply second equilibrium equation £M=0 

Taking moment around concrete force C c 

1.15 t 2 J 1.15 U J 

1.15 l 2 J 1.15 t 2 J 

Solving the above equation gives A s =1904 mm 2 . A' = 0.3 x A, = 571 mm 2 
Thus a=0.0623 x A s =l 18.61 mm 

Step 4: Check A sdmax and A smin 

c=a/.8= 148.267 mm 

c/d=0.24 < c/d max (0.42)... .ok (A s <A sdmax ) 

0.225 751 

A smia = smaller of 400 =499 cm 1 <A S . o.k 

1.3x1904 = 2475 


= 499 cm 2 <A, . o.k 
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3.1.5 Design of Doubly Reinforced Sections Using Curves 

The design of doubly reinforced sections from the first principles is complicated. 
Therefore, design curves were prepared to facilitate their design. 

In developing such curves, both compression steel and tension steel were 
assumed to reach yield. In addition, two values for dVd were used in developing 
these curves and tables namely (0.05,0.1). These selected values were chosen to 
satisfy code requirements and to ensure yielding of the compression 
reinforcement for all types of steel. 

Recalling the first equilibrium equation 3.4 and referring to Fig. 3.5 

0.67 f cu b a t 4; /, _AJ y 
1.5 1.15 1.15 

Dividing by (f cu b x d) and rearranging 


0.67 a 
1.5 d 

where a = A' s /A s and p = A s /(b . d) 


1-15 L 


(l-a) 



(3.21) 


Fig 3.5 Location of the neutral axis for doubly reinforced sections 


-= 1.9468 a{\-a) .(3.22) 

d 

Recalling the moment equation around the concrete compression force 




108 









dividing by (f cu b x d 2 ) and rearranging 


f^bd 1 


1-15 f cu bd 2 


d-ZU 


*.fy 

1-15 f cu b d 2 



1.15 



+ 


a co a 

ITT? I ~id 



(3.23) 


To find co max in case of doubly reinforced sections, recall equation 3.14 
dividing by (b d 

1 -a 


where co max is given in Table 2.1 



(3.24) 


Figure 3.6 shows an example of such curves. Appendix A contains Rl-o design 
charts. Table C in the appendix gives the maximum moment index R| rnax for 
each values of a, m dmax . To use the table enter with a and f y and either (R| max to 
find codmax) or (oodmax to find R] max ). The design procedure for using Table C to 
design doubly reinforced section is illustrated in Example 3-8 



OOOCM^tCOOOOCNI-sFCOOOOCMTfCOCOOCMTl-COCOO 
d d o d d d o o o.o o o’ o o o o d o d d d o 


(S3 


Fig. 3.6 Design chart for doubly reinforced sections 
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Procedure for Using Charts and Tables 

The general steps for using the charts or tables can be summarized in the 
following: 

• Assume d7d=0.05-0.1 

• Assume a=0.2-0.4 

• Choose the highest R1 for the chosen a to get the smallest possible 
depth 

• Compute the depth “d ’’ from the following relation 


fcubd 1 

From the tables or the charts get co 

Compute the area of steel from the following relation 

A s = co^-j-b d , A' s =axA s 
J y 

Notel:No need to check A sd , ro ax because the limits are already in the charts 
Note2:No need to check A s . min because we usually use p near p niax 


Photo 3.4 A reinforced concrete building during construction 












Example 3.8 

Design a doubly reinforced concrete section subjected to M u = 480 kN.m using 
design aids. 

b = 250 mm ,f Ctt = 20 N/mm 2 , and f y = 240 N/mm 2 

Solution 

Assume d'/d = 0.10 
Assume a = 0.3 

Enter the table or the chart with a = 0.3 and get the value of R1 and to very close 
to the maximum allowable for f y = 240 N/mm 2 to get the smallest possible 
depth. Thus get R1 = 0.2 and © = 0.274 


feu b d 1 

480xl0 6 


20x250 xd 2 
d = 693 mm 



co=0.274 


A=w±*-b d 
fy 

20 

A s = 0.274 x — x 250 x 693 = 3955 mm 2 

A; =a A s =0.3x3955 = 1186 mm 2 

Take d = 700 and t = 750 and A s = 3955 mm 2 


M u =480 kN.mj • • A' s =1186mm 2 


• • • •( A s =3955 mm 2 


Final design 


Example 3.9 

Design a doubly reinforced section subjected to M u = 320 kN.m using Table C. 
b = 200 mm, d = 600, f cu = 25 N/mm 2 , and f y = 280 N/mm 2 

Solution 

Assume d'/d = 0.10 

In using Table C use M u = M ud , max 

n, ****** 320x10* 

'' m “ /„ bd 1 25 x 200 x 600 2 

From the table C with d'/d = 0.10 and R ldamx = 0.177, we can notice that the 
moment capacity exceeds singly reinforced section and we must use 
compression 

reinforcement. Thus, by interpolation get 
a = 0.205 and G) dtna!t = 0.248 


fy 

G^dmax 

a 

M 

pi Mf/,max 

" m " fubd 1 

ID 

O 

o 

it 

d'/d=0.1 

d'/d=0.15 

d'/d=0.2 | 


0.196 

0.00 



1 


EHHS 

0.206 

0.05 

0.147 

0.146 

1 

0.146 


0.218 

0.10 

0.156 

0.155 

1 



0.231 

0.15 

0.167 


1 

vmn 


0.245 

0.20 

0.179 


2 



0.^61 

0.25 

0.192 

iim 



0.280 

0.30 

0.207 

iilfatfl 




fa. 

fy 


b d 


A = 0.248 x — 200x600 = 2657 mm 1 
280 

A' = a A = 0.205 x 2657 = 544 mm 2 


M u =320 kN 



A' s =544 mm 


A s =2657 cm 2 


Final design 



































Example 3.10 

Find the maximum cantilever span L c for the beam shown in the figure at section 
I using Rl-w design tables. The material properties are 
f y = 360 N/mm 2 , f cu = 40 N/mm 2 


j P„=80 kN 

^W u =15 kN/m' | 



• • •• I 40 28 



Section I 

Solution 

Assume cover = 50mm 
d' = 50 mm 
d = 550-50 = 500mm 

Since section I is subjected to -ve moment, the tension steel is at the top and the 
compression steel is at the bottom of the beam. . 

A s = 2463 mm 2 , A' s = 982 mm 2 
982 

« =-= 0.398 » 0.4 

2463 

d'/d= 50/500 = 0.1 200 


A=o>^-b d 

fy 


2463 = arx -x200x500 

360 

0 = 0.2217 
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From Table R-w design tables (d'/d=0.10) with (o = 0.2217 and a = 0.4) 
get R1 =0.17 



Rl = 


K 

f a ,bd 2 


0.170 = 


M u 

40 x 200x500 J 


M u — 340 X 10 6 — 340 kN.m (internal moment) 
W L 2 

M u = c + P u L c (external moment) ■ 
External moment =Intemal moment 


^-^ £ - + 80 L c -340.0 = 0 
2 

Solving the second order equation gives: 




























3.2 T-Beams 

3.2.1 Application of T-Beams 

Reinforced concrete buildings usually consist of beams and slabs that were cast 
monolithically. Thus, slabs and beams act together in resisting the applied loads. 
As a result, the beam will have an extension concrete part at the top called 
“ flange ”, and the beam is called a T-beam. The portion of the beam below the 
slab is called the “web ", The stress distribution in the slab will vary according to 
the ratio between the thickness of the slab and tire overall thickness. 

3.2.2 Effective Flange Width 

The distribution of the flexural compressive stresses in the flange of the slab is 
shown in Fig. 3.7. The compressive stress is a maximum at the beam locations, 
and minimum between the beams. The concept of replacing the non-uniform 
stresses over the width B 0 to uniform stresses over a width B is called the 
effective width. The compression force developed in the reduced width B equals 
the compressive force in the real compression zoneof width B 0 . 


a) Distribution of maximum flexural compressive stresses 




b) Flexural compressive stress distribution assumed in design 

Fig. 3.7 Distribution of compressive stresses across the flange 
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To simplify section capacity calculations, most codes assume uniform 
distribution of the stress and specify a limited width of the slab to be considered 
when analyzing the beam capacity called the ‘'‘'effective width ” as shown in Fig. 
3.8. For T-sections, the Egyptian code ECP 203 section (6-3-1-9) requires that 
the effective width does not exceed the following 

16 t s +b 

B < — + b for T - sections..(3.25.a) 

5 

C.L to C.L 


6 t,+b 

B < — + b for L - sections 
10 

C.L to edge 

where 


(3.25.b) 


L 2 = L simple beam 
L 7 - 0.8 L one end continuous 
L 2 = 0.7 L continuous beam 





Fig. 3.8 Definition of T and L-beams in the ECP 203 
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The direction of the bending moment distinguishes between rectangular and T- 
sections. If the flange participates in resisting the compression stresses resulting 
from the bending moment, then the section acts as a T-section. On the other 
hand, if only the web of the beam resists the compression stresses, then the 
section acts as a rectangular section. 

Consider for example the simply supported beam with cantilever shown in Case 
I of Fig. 3.9. According to the given schematic bending moment diagram, 
section A-A acts as a T-Sec., while section B-B acts as a rectangular-section. 
Case II, on the other hand, shows a simply supported beam with cantilever, in 
which the slab is located at the bottom part of the beam (called an inverted 
beam). In such a case, section C-C acts as a rectangular section while section D- 
D acts as a T-Sec. 


Case I . Case II 



Section A Section B Section C Section D 


Fig. 3.9 Compression zone for T-beams 



When designing a T-Sec., the neutral axis could be located inside the flange 
(Fig. 3.10.A) or outside the flange (Fig. 3.10.B). Each case shall be analyzed in 
detail in section 3. 2.3 



A-Neutral axis inside the flange, 



B-Neutral axis in the web 


Fig. 3.10 Location of the neutral axis for T-sections. 
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3.2.3 Analysis of T-Beams 

Case A: Neutral axis inside the flange (a< t s ) 

The details of this case are shown in Fig. 3.11. Applying the equilibrium 
equation gives: 

T = C c 


0,67 / e „ Ba A s j] 
1.5 1.15 


(3.26) 


After calculating the stress block distance “a” the nominal moment can be 
computed by taking the moment around the compression force C c : 


.(3.27.A) 


In some cases the depth of the neutral axis (a) is very small and less than the 
minimum required by the code (0.1 d). In such a case, the stress block distance 
is assumed to be a-0.1 d. Thus Eq. 3.27.A becomes 

M u = A s f y (0.826 d) .....(3.27.B) 



Fig. 3.11 Neutral axis located in the flange (a<t s ) 


Case B: Neutral axis outside the flange (a >ts) 

If the external moment is large enough, the neutral axis will be located outside 
the flange(Fig. 3.12.A). The ECP 203 permits the use of the stress block in the 
case of T-beams as stated in clause 4.2.1.1. For the sake of simplicity and for 
comparison with rectangular sections, the compression zone will be divided in 
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two parts. The first part is in the flange with a width (B-b) and thickness of f 
(Fig. 3.12.C). The second part is in the web with a width “b” and depth a (Fig. 
3.12. B). 

The force in the flange C f equals: 

r 0-67 LAB~b)t s 
r 1.5 

The force in the web C w equals: 

0.67 f cu b a 
w 1.5 


(3.28) 

(3.29) 



b 

A- Equilibrium of forces for the complete cross section 



B-Force in the web C- Force in the flange D- Forces in the cross section 


Fig. 3.12 Analysis of T-beam for the case of neutral axis outside the flange 
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Applying the equilibrium equation 


T = C f +C w .(3.30) 

A 'fy 0-67LAB-b)t s , Q.61f cu ba n 

1.15 1.5 1.5 . V ' 

Solving Eq. 3.31 gives the equivalent stress block distance a. 

The moment of the internal forces may be taken around any point such as the 
location of the tension steel as follows: 

M U =C {d- t i] +C \ d ~ f) ......(3.32) 

For the sake of simplicity, the code (Section 4-2-1-2-—») permits neglecting the 
compression part in the web and calculating the compression force as if it is in 
the flange only as shown in Fig. 3.13. In this case, the ultimate moment is taken 
the smaller of the following two equations: 



Fig. 3.13 Calculation of the ultimate moment using Code simplifications 


n 

% 

j 3.2.4 Minimum Area of Steei for T-sections 

The minimum area for T-sections is the same as the rectangular sections as 
| stated in the ECP 203 section (4-2-1-2-g). The minimum area is related to the 
’ web width a b ”, not to the flange width “fl” as shown in Fig. 3.14. 


0.225 Jjf L , 1-1, , 

- J > - h d 

A smi „= smaller of f y f 

1.3 A. 




Fig. 3.14 Calculation of As, 



Photo 3.5 A Dart of an art museum (USA) 

17 ? 


















3.2.5 Maximum Area of Steel for T-sections 

The maximum area of steel allowed for T-sections is usually several times the 
limits for rectangular sections. Thus, it is rare that a T-beam can exceed the 
maximum area of steel. It should be mentioned that, whether the neutral axis is 
located inside the flange (case A) or outside the flange (case B), the ECP 203 
uses the same procedure for calculating the maximum area of steel. 



A- Complete cross section 


0.67 £*,/!.5 



B-forces in the web 



Fig. 3.15 Calculation of the maximum area of steel and moment for T-sections 
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The maximum area of steel can be calculated by applying the same principle 
used in rectangular sections. The c max /d values listed m table 2.1 are used to 
determine the maximum area of steel. Referring to Fig. 3.15 and observing the 
notations used in that figure, one can drive the following equation: 


c = 

'“'wmax 


0-67 f b a n 


Applying the equilibrium equation T wmax — C wmax gives 

_/, 0-67 /„ b a m . M 


*“swmax J 5 

The procedure for calculating the maximum area of steel for section B is 
equivalent to that of rectangular section, thus 


A — li,„ b x d 

■‘Aywinax A* max 


where p max is determined from Table 4-1 in the code or Table 2.1 in Chapter 2. 

_ 0-67 f c AB~b)t s .(3.3S 


Applying the equilibrium equation Tf max Cf mwc > gives 

/„ 0.67 . 


V-- 05136 - J r 2* f, 


Ast,max A sw>ma x^~A s j ' max . 


.(3.42) 



The maximum area of steel allowed for a T-section is much bigger than that for 
a rectangular section especially when the section has a wide flange Figure 5. 
presents the maximum area of steel for T-sections. It is clear from the figure that 
the maximum area of steel can be as high as 6-8%(about five-six times more 
than the maximum allowed for rectangular sections). 


I'M 




















Fig. 3.16 Maximum area of steel for T-sections 
Maximum Moment For T-sections 

Referring to Fig. 3.15 and summing the moment of the forces around the tension 


steel 

=C ^( d ~~) + C fnax (d~^) .( 3 . 45 ) 

The part in the web is equivalent to a singly reinforced section, thus 

• /if _ jjmax feu & d t 

^ + ^f max (d —r).(3.46) 


Note: It should be clear that if the calculated neutral axis depth c is less than the 
maximum allowed value c max , then there is no need to check the maximum area 
of steel or maximum moments 


.47) 
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3.2.6 Design of T-sections Using First Principles 

Given :f cu ,fy, M u ,b,B 
Required : A s and d 
Unknowns: a, A Si d 

The design procedure can be summarized in the following steps: 


1. Make the necessary assumptions (either) 

i. Assume d 

ii. Or, estimate p or A s as discussed in Chapter 2(see example 3.13) 

2. Assume that the neutral axis is inside the flange then determine the 
depth of the stress block a using the equilibrium equation: 

0-67 f m B a . Af y 

1.5 1.15 

3. Calculate the beam depth using the moment equation as follows: 


b t s 



if a < t s then calculate the depth using Eq. 

If a> t s calculate the depth 

3.27.A or Eq. 3.27.B 



using the simplified Eq. 3.33 

M =^-*1 

a>0.1d 

(3.27.A) 

i 

^ •q 

< 

V 

II 

5 

1.15 l. 2) 
M u = 0.8264,/, d 

a<0.1d 

(3.27.B) 

1.15 ( 2) 


3. Determine A s (only if you used 1-i, skip this step if you used 1-ii) 
A s = fj.b d , 4=0 

4. Check minimum area of steel 

5. Check maximum area steel and maximum moment (c/d<c max /d) 


















Example 3.11 

The figure shows a T-section that is subjected to an ultimate moment of a value 
of 220 kN.m. Using the first principles, calculate the required depth and area of 
steel. The material properties are f cu = 25 N/mm 2 and f y = 360 N/mm 2 


Solution 

Step 1: Assumptions 


1500 mm 



In this example we have three unknowns a, d, A s and we have only two 
equilibrium equations, thus we shall assume one unknown (A,) 

Assume A s = 0.01 b d = 0.01 x 120 x d= 1.2 d 
Assume that the neutral axis inside the flange (a<ts) 


Step 2: Determine a 

0.67 f cu B a A, f y 
1.5 1.15 


0.67 x25 xl500x a _ 1.2 dx 360 
L5 ” U5 

a = 0.0224 d 

a/d = 0.0224 <a/d) min (0.1) 
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Step 3: Calculate d 

AA frf = 0.826 A s f d 

" 1.15 l 2j 1 

220 x 10 6 = (0.826) x 1 .2 d x 360 x d = 356.86 d 2 
d = 785.2 mm 

a = 0.1 d = 78.5 mm < t s (our assumption is correct a<t s ) 

A s = 1.2 d =942.2 mm 2 

Use d = 800 mm, As = 982 mm 2 (2<3>25) 

Step 4: Check A smin 

0.225 V25 , 

--—120x 800 = 300 mm 2 

360 

4. min = smaller of = 293.33 mm 1 <A ■■■o.k 

s nun J s 

1.3x942.2 = 1224.8 mm 2 

Step 5: Check A st , ma x, M ut . ma x 

From the code c max /d = 0.44 
a/d= 0.1 —> c/d=0.125 

Since c/d (0.125) <c max /d(0.44) then M u <M uma x and A s <A smax 









Example 3.12 

Calculate the maximum area of steel and maximum moment for the section 
given in example 3.11. f cu = 25 N/mm 2 and f y = 360 N/mm 2 



Solution 

Step 1: Calculation of Maximum area of steel 

From Table 2.1 c max /d=0.44 for f y = 360 N/mm 2 
a max = 0.8 c max = 0.8 x 0.44 x 800 = 281.6 mm 
._=2j ? . ^'-- , °-"x25.,120,28..6 = 3773 4 4A , 

0.67 f a (B-b) t, 0.67x25x (1500-120) 100 

- =--- = 1541000 N 

1.5 1.5 
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Example 3.13 T Sections (a<t s ) 

The figure shows a T-section that is subjected to an ultimate moment of a value 
of 280 kN.m. Using the first principles, calculate the required depth and area of 
steel. Check the code limits for maximum and minimum area of steel and M umax 
feu = 30 N/mm 2 and f y = 400 N/tnm 2 



Solution 150' 

Step 1: Assumptions 

In this example we have three unknowns a, d, A s and we have only two 
equilibrium equations, thus we shall assume one (A s ) 

1. Assume that a<t s 

2. The area of steel may be assumed as 



Step 2: Calculate a 

0.67 f a Ba _A,f r 
1.5 1.15 

0.67 x30xl200x a 1127x400 
1.5 U5 

a = 24.38 mm —*—* Our assumption is correct a<t s 




Step 3: Calculate d 

Assume a<0.1d, thus use a = O.ld 
use Eq. (3.27.B) 

M u = A s f y (0.826 d) 

280 x 10 6 = 0.826 x 1127 x 400 x d 
d = 751.8 mm 

a (24.38 mm)< 0.1 d (75.18 mm) our assumption is correct a<0.1d 
Use d = 800 mm , A, = 11.27 cm 2 


Step 4: Check A s 


A™,, = smaller of ■ 


f 0.225^30 


150x800 = 370 mm 2 


= 370 mm 1 <A ■■■o.k 


1.3x1127 = 1465 mm 2 


Step 5. Check A s t max , M U f max 

From the code c max /d = 0.42 
a/d = 0.1 -► c/d = 0.125 

Since c/d (0.125) <c max /d(0.42) then M u <M ut , max and A s <A st , n 


Photo 3.6 Testing of simply supported reinforced concrete beam under flexure 










Example 3.14 (a>t s ) 

Compute the depth for the T-section shown in figure if it is subjected to an 
ultimate moment of 380 kN.m using first principles. 
f cu = 22.5 N/mm 2 and f y = 400 N/mm 2 

420 mm 


80 mm 



A S =I 175 mm 2 


120 mm 

Solution 

Step 1: Assumptions 

In this example we have two unknowns a, d (A s is given). Thus the calculation 
of a can proceed immediately 

Step 2: Calculate a 

Assume that a<ts 

0.67 f m aB A s f y 
1.5 1.15 

0.67x22.5x420xa _ 1175x400 
1.5 L15 

a = 96.82 mm 

Since a > t s we can use the approximate equation (Eq.3.33) to find “d” 


Step 3: Calculate d 


.(3.33a) 


380 xlO 6 =- 


d = 969.8 mm 


Cl - 

2 




.(3.34a) 


I'l') 


380x10' 


0.67x22.5x420 


1.5 


x80 ( _ 80' 

l 2 , 


d = 1165 mm —>—*-(2) 

Take the largest d from (1) and (2) —i>d = 1200 mm 


420 


0.67x22.5 



T=A s f y /1.15 


Step 4: Calculate A 

fi.i* 


■4 5 .din = smaUer of 


120x1200 = 396 mm 2 
400 

1.3x1175 = 1526 mm 1 


= 396 mm 2 <A'...o.k 


* 1.1 is bigger than 0.225 

Step 5: Check A stmax . M ut max 

To determine the exact position of the neutral axis, assume (a>ts). 


A sfy 0.67 f CM (B - b) t, | 0.67 f cu b a 
1.15 1.5 1.5 


1175x400 0.67 x 22.5 x (420 -120) 80 0.67x22.5x120 a 

1.15 ~ 1.5 + 1.5 


a = 138.9 mm 

c 138.9/0.8 
d ~ 969.8 


0.179 


For f y = 400 N/mm 2 it can determined from Table 2.1 that c max /d = 0.42 
Since c/d < c max /d, thus steel yields, A s <A st , max and M u <M ut , max .o.k 








T 


Example 3.15 

The figure below shows a simply supported in which the midspan section has a 
T-shape. Compute the area of steel for the T-section shown in figure. f cu = 30 
N/mm 2 and f y = 360 N/mm 2 

P„=80 kN 



120 mm 


Solution 

Step 1: Assumptions 

Assume that the neutral axis inside the flange (a<ts) 

Step 2: Compute a 

0.61 f^B a A s f y 
1.5 1.15 

0.67 x30 x 1200x a _ A s x 360 
L5 1.15 

a = 0.019 A s 


Step 3: Compute A s 

The critical section is at mid span 

M = l^_ + 80 x- = 193.75 kN.m 
8 4 

Assume a<0.1d, thus use a = O.ld, use Eq. (3.27.B) 

M„ = A, f y (0.826 d) 

193.75 x 10 6 = A s x 360 x 0.826x 600 
A s = 1086 mm 2 
a = 0.019 (1086) = 20.6 mm 

a (20.6) < t 5 (100) our assumption is correct a<ts 

a (20.6) < O.ld (60) our assumption is correct a<0.1d 


Step 3: Check A smin 


A , - = smaller of 

s mm J 


0.225 >/30 
360 


120x 600 = 246 mm 2 


1.3x1085 = 1410 mm 2 


= 246 mm 2 <A S ■■■ok 


Step 5- Check A s t itn0 x« ^ut.max 

From Table 2.1 c max /d= 0.44 
a/d=0.1 —* c/d= 0.125 

Since c/d (0.125) <c max /d(0.44) then M u <M ut , max and A s <A stimax 





Example 3.16 T Sections 

For the neutral axis position given in the figure below, calculate the required 
area of steel and the ultimate moment. Check the code limits for maximum and 
minimum area of steel and M umax 
f cu = 25 N/mm 2 and f y = 360 N/mm 2 


100 

! 


• • 


-Neutral axis 


Solution 12 Q 

Step 1: Assumptions 

Given : f cu ,f y , M u , B, b, d, a 

Required : A s , M u 

Unknowns :A S ,M U 

Since we have only two equilibrium equations and two unknowns (A s ,MJ, 
we can proceed directly without any further assumptions 

Step 2: Calculate A s 

d =t -cover=600-50=550 mm 

a = 0.8 c=0.8x240=192 mm 

A sfy 0-67 f m (B - b) t, [ 0.67 f cu b a 
1.15 1.5 1.5 

A s x 360 0.67 x 25 x (1050-120) 100 0.67x25x120x192 

1.15 _ 1.5 + 1.5 

A. =4139.30 mm 2 


S M u 

CN 


jFlange, C f l 




0.67x 25/1.5 


Cl g 

CN| ,—< 

^ o 

6 ^ 


s s >Sy/1.15 T=A s x360/1.15 


120 








3.2.7 Design of T-sections Using Curves 
3.2.7.1 Development of the Curves 

Equilibrium equations are used to generate design aids for T-sections. Assume 
that the neutral axis is inside the flange (a<ts) 

Taking moment around the concrete force and referring to Fig. 3.17 

0-67 x/, 

c B a L5 

I *“* 1 —< t r- 



T=A S fy/1.15 


Fig. 3.17 Equilibrium of force for T-section 


M. = 

1.15 l 2 


A.fyd L a 
1.15 2d 


we can also express the moment as the tension force (A s f y ) multiplied by the 
lever arm (jd). Note that the factor 1.1 5 is included in the coefficient “J” 

M u =A s f y jd ..(3.49) 

Comparing Eq. 3.48 and Eq. 3.49, one can determine J as 

j = —i-fi-—x—1 = —5—11-0.4—11. (3.50) 

1.15V 2 d) 1.15 y dJ 

Dividing Eq. 3.48 by (f cu B d 2 ) and noting that in case of T-section A s =p B d 

- M ‘> = JtL_( 1-0.4-1 .(3.51) 

f a ,Bd* 1.15 dj 

From the equilibrium of forces (C = T) Fig. 3.17 we can determine that: 

0.67 f cu B a A s f y 
1.5 1.15 

— = 1.9468^—.(3.52) 

d L. 
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(3.53) 


Substitution in equation 3.51 gives 


Define /?, =- - —r 

L»Bd' 


M„ _ 0.4109 c A Q4 c3 
f cu Bd 2 1.15 d{ d) 



(3.54) 


d = Cl 



Comparing Eq. 3.53 with Eq. 3.55 gives 


1 (fir , 


1-0.4- 

d 


It can be determined from Eq. 3.49 that the area of steel equals 

. 

f y jd 

Equations 3.50 and 3.53 are the basis of design aids (Cl-J) and (Rt-J) 


(3.55) 

(3.56) 

(3.57) 


Figure 3.18 shows an example of (Cl-J). Appendix A contains (Cl-J) and (Rt-J) 
design charts. 


















Substituting with the minimum a min /d allowed by the code (c min /d=0.125) in Eq. 
3.56 gives Cl=4.85. Thus any value for Cl above 4.85 will lead to c/d below the 
minimum code value. In this case use c min /d=0.125 and J=0.826. 

Fig 3.19 presents different design cases when using (Cl-J) curve. In normal 
design situations, case I is the most frequently used. When using chart C, the 
same rules apply, if R T <0.042 then; use J = J max , if R T > 0.042 then determine J 
from the curve, and if R T > R Tmax increase d. 



If Cl>4.85 use c ln ; n /d If Cl<4.85 determine J 


Fig 3.19 Different cases for Using Cl-J curve 


Notel: The code minimum value for the depth of the stress block ratio “a " is 
O.ld. Thus substituting with a/d =0.1 in Eq. 3.50 gives j max 



Note 2 : To estimate the depth of the beam, assume Cl equals 

Cl=3-4 for Rectangular beams 
Cl =4-5 for slabs 
Cl=5-10 forT- beams 


i/n 




Note: Both (Cl-J) and (Rj-J) can be used for designing a rectangular section by 
replacing B with b 
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Example 3.17 (a<ts) 

The figure shows a T-section that is subjected to an ultimate moment of a value 
of 220 kN.m. Using Cl-J, calculate the required depth and area of steel. 
f cu = 25 N/mm 2 and f y = 360 N/mm 2 


100 



Solution 

Step 1: Determine d 



Assume Cl = 10 mm as a first trial 


d = C, 



220xl0 6 

d = 10,- =765 mm say d=800 mm andt=850mm 

V25x1500 y 

Using Cl-J, one can find that 

Ci = 10.0 > 4.85 (out side the curve) 



0.125 


Step 2: Determine J and check c/d limits 

Use c min /d and J = J max = 0.826 

because c/d <c max /d, the condition that A s <A smax is satisfied 

Step 3: Compute “a" 

a = 0.8 (0.125) 800 = 80 mm < t s (100mm) a<t s 

Step 4: Calculate area of steel, A s 

The stress block is located inside the slab, continue using the following 
relation 


s f y Jd 

A =- 22 ° Xl - -= 924.8 mm 1 (2<t> 25) 

1 360x0.826x800 


Step 5: Check A s 


yf = smaller of ■ 


f 0.225^25 


120x800 = 300 mm 


1.3x924.8 = 1202 mm 2 


1500 mm 


A s =2 4> 25 


= 300 mm 2 <A, ■■■o.k 



Final Design 





Example 3.18 (a>ts) 

Compute the depth and area of steel for the T-section shown in figure if it is 
subjected to an ultimate moment of 380 kN.m using Cl-J curve. 
f cu = 22.5 N/mm 2 and f y = 400 N/mm 2 


420 mm 



120 mm 


Solution 

Step 1: Determine d 

Assume that Cl =5.0 



380xlQ 6 

22.5x420 


= 1002 mm 


say d= 1000 mm and t=1050 mm 


Cl = 5 > 4.85 (outside the curve), use c/d^n 



Step 2: Determine J and check c/d limit 

Use c m ; n /d 
c/d = 0.125 

Because c/d <c max /d, then A s <A smax and M U <M utniax 

Step 3: Compute "a" 

a = 0.8 (0.125) 1000 = 100 mm > t s (80mm).(a>t s , outside the flange) 

Step 4: Calculate area of steel, A s 

Since the neutral axis is outside the flange, the part of the compression 
force in the web will be neglected and code approximate equation as 
follows. 

, M u 380xl0 6 .... 2 

A = - - -=--= 1138mm 

1 f y /\A5x(d-t s /2) 400/1.15x(1000-80/2) 

Step 5: Check A smin 


A™, = smaller of ■ 


-120x1000 = 330 mm 2 


.3x1138 = 1479 mm 2 


= 330 mm 2 <A, ■■■o.k 


*Note that 1.1 is greater than 0.225 ^/2235 


l 






X,= 1.5b 


3.3 Design of L-Sections 

L-sections are often encountered in external beams of reinforced concrete 
structures. If such a beam is connected to a slab it will be only allowed to deflect 
in the vertical axis and the neutral axis will be very close to horizontal as shown 
Fig 3.20A. The analysis in this case is the same as T-beams except with smaller 
width Eq. 3.25.B. However, if the beam is allowed to deflect in both vertical and 
horizontal directions (isolated beam), the neutral axis will be inclined as 
indicated in (Fig. 3.20B). Since the applied loads do not cause any moments 
laterally, the compression and tension forces must be in a vertical plane as the 
applied loads as shown in Fig. 3.20B. 



A- L-section connected with slab B-Isolated L-section 


Fig. 3.20 Neutral axis position in L-sections 


Fig. 3.21 presents the forces and strain for a reinforced.concrete isolated L- 
section. It can be easily determined that the distance XI equals 1.5 b. The force 
in the compression zone equals the area of the compressed zone multiplied by 
the concrete stress as follows 


c _ o-67/,^r,r, j 


(3.58) 


r= ^nj.( 3 - 59 > 

The second equilibrium equation can be computed by taking the moment around 
the concrete force. The lever arm in this case is the vertical distance between the 
tensile force and the center of gravity of the compressed triangle. Thus, the 
internal moment equals 



(3.60) 



Fig. 3.21 Stresses and strain for isolated L-section 


Example 3.19 illustrates the calculation of the ultimate moment capacity of L- 
section using the first principle, while example 3.20 shows the simplified 
procedure using design curves. 


Photo 3.7 Beam-column structural system 
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Example 3.19 

For the L-section shown in figure determine the capacity of the section 
knowing that the beam is not laterally supported (isolated), knowing that 
f C u = 25 N/mm 2 , f y = 360 N/mm 2 



200 mm 


Solution 

Step 1: Compute Yj 

From the geometry Xi = 1.5 b = 300 mm 
c 0-67/ c „ j ^, r, j 

T = A, — = 1200— = 375652 N 
1 1.15 1.15 

Since C = T 

0.67x25 ( 300 x K ) 

375652 =- w J| 

1.5 L 2 J 

Y i = 224 mm 

Step 2 : Compute M u 

Take the moment around the compression force C 




1200x360 

1.15 



= 272.5 x 10 6 N.mm = 272.5 kN.m 


1 ACi 


d=800 mm 



Xi=300 mm 



Forces and strain distributions 









Example 3.20 

Compute the area of steel for the L-section shown in the figure if it is subjected 
to M„ =. 120 kN.m using RfJ curve. 
f cu = 35 N/mm 2 and f y = 400 N/mm 2 


600 mm 



120 mm 


1 

1C 

T 


Solution 

Step 1: Assumptions 

Assume that the neutral axis inside the flange (a<ts) 


Step 2: Determine R T 

R 120xl0 6 

r f^Bd 2 35x600x400 2 


= 0.0357 


v R t <0.042 use c/d mil 



Step 2: Determine J and check c/d limits 

Use c min /d=0.125 and J = J max = 0.826 

because c/d <c maK /d, the condition that A s <A smax is satisfied 


i si 


Step 3: compute "a" 

a = 0.8 (0.125) 400 = 40 mm < t s ( 100mm) a<t s 

Step 4: Calculate area of steel, A s 

The stress block is located inside the slab, thus 


. 120x 10 6 . 2 

A _ -- = 908 mm 

1 400x0.826x400 


Choose 4 <I> 18 =1018 mm 2 


Step 5: Check A s 


A.. = smaller of ■ 

s nun J 


f0.225 >^5, 


120 x 400 = 160 mm 2 


1.3x908 = 1180 mm 2 


600 mm 


120 mm 


Final Design 


= 160 mm 2 <A, ■■■o.k 



4<D 18 
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SHEAR IN R/C BEAMS 


4.1 Introduction 


Reinforced concrete beams resist loads by means of internal moments and 
shears. In the design of reinforced concrete members, moment is usually 
considered first, leading to the dimensions of the cross-section and the 
arrangement. The beam is then proportioned for shear. 


Photo 4.1 Yokohama Landmark Tower, Japan. 


1 CO 








Because a shear failure is sudden and brittle, the design for shear must ensure 
that the shear strength equals or exceeds the flexural strength at all points of the 
beam. This chapter presents the shear behavior and design of relatively slender 
(shallow) beams. More advanced topics related to the strength and behavior of 
slender beams can be found in Chapter (7). The behavior of deep beams is 
presented in Volume (3) of this text. 

4.2 Shear stresses in Elastic Beams 

The beam shown in Fig. (4.1) is acted upon by a system of loads which lie in a 
plane of symmetry. The infinitesimal slice of length dx is bounded by the two 
sections 1-1 and 2-2 which are subjected to bending moments M and M+dM 
and shearing forces Q and Q+dQ (Fig.4.1c), respectively. 



(a) ' (b) 



Fig. 4.1 Shear stresses in an elastic beam 



The compressive forces on the hatched area in Fig. (4.Id), which are the 
resultants of the normal stresses induced by the bending moments, are indicated 
by the two forces C and C+dC. Investigating the equilibrium of the upper 
portion of the infinitesimal slice, it is evident that there should be horizontal 
shear stresses in order to equilibrate the force dC. 

dC=qbdx ...(4-1) 

qb .(4-2) 

dx 

The normal flexural stress f x equals 


But, the compression force C equals 

C = \f x dA = fyz dA~Y S > . * 

Hence, 

• r |,..n ... 

dx dx J I dx 

Substituting from Eq. (4.2) and noting that dM/dx = Q, one gets 


...(4.3) 

, (4.4.a) 

,(4.4.b) 



(4-5) 


where 

q = shear force acting on the cross section. 

/ = moment of inertia of the cross section. 

S y = the first moment of hatched area about the y-axis. 
b = width of the member where the shear stress are being calculated. 

For an uncracked rectangular beam, Eq. (4.5) gives the distribution of shear 
stresses shown in Fig. (4.1b). 

















Considering the equilibrium of a small element in the beam, it follows that the 
horizontal shear stresses should be accompanied by vertical shear stresses of the 
same magnitude as the horizontal shear stresses. The elements in Fig. (4.2-a) are 
subjected to combined normal stresses due to flexure, f and shearing stresses, 
q. The largest and smallest normal stresses acting on such an element are 
referred to as principal stresses. The principle tension stress, f max , and the 
principal compression stress, f cmax , are given by: 


/ =^ + u 

Jnmx 2 H 2 


f =/- |7y + *a 

/cm " 2 VI 2 J q 


The inclination of the principal stresses to the beam axis, 6 , is determined by: 


26 = tan' 


If the principle tensile stresses exceed the tensile strength of concrete, cracking 
occurs. The direction of cracking at any point is perpendicular to the direction of 
the principle tensile stress at that point. 

Obviously, at different positions along the beam the relative magnitudes of q 
and / change, and thus the directions of the principal stresses change as shown 
in Fig. 4.2c. At the neutral axis, the principal stresses will be equal to the shear 
stresses and will be located at a 45° angle with the horizontal. Diagonal 
principal tensile stresses, called diagonal tension, occur at different places and 
angles in concrete beams. 
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(c) Principal stresses on beam elements 

Fig.4.2 Normal, shear and principal stresses in homogenous uncracked beam 







4.3 Shear Stresses in Cracked R/C Beams 


The general formula that gives the distribution of shear stresses in homogeneous 
sections subjected to simple bending may be applied to reinforced concrete 
sections. If one considers the virtual area of the section which consists of the 
area of concrete in compression plus n-times the area of the steel reinforcement. 

q=T% .(4-9) 

*nv " 

where S nv is the first moment of area , I nv is the moment of inertia of the full 
virtual section about the center of gravity and b is the width of the cross section. 

It may be observed that, on the tension side of the section, S nv is calculated 
using the equivalent area of the tension steel reinforcement only. 

Consider an infinitesimal portion of length dx of a reinforced concrete beam 
with rectangular cross section subjected to simple bending, where the bending 
moment is M on one side and M+dM on the other side, as shown in Fig. (4.3). 
The corresponding compressive forces, which are the resultants of the induced 
normal stresses, are C and C+dC, respectively. 



Beam segment Cross section Shear stress 

distribution 


Fig.,4.3 Shear stresses in cracked reinforced concrete beams 


t SR 


Then one should have 


4C=q max bdx..(4.10) 


Noting 


.(4.11) 


where jd is the arm of the internal moment. Then one gets 


.(4.12) 


Substituting Eq. (4.10) into (4.12) and noting that dM/dx=Q , one obtains 

.-.< 413 > 

The distance jd may be taken to be approximately 0.87d. 

For routine design, shear strength in reinforced concrete beams is commonly 
quantified in terms of a nominal shear stress, q, defined as 

q=A...(4-14) 


4.4 Behavior of Slender Beams Failing in Shear 
4.4.1 Inclined Cracking 



Two types of inclined cracking occur in concrete beams; web shear cracking and 
flexure-shear cracking. These two types of inclined cracking are illustrated in 
Fig. (4.4). Web-shear cracking begins from an interior point in a member when 
the principal tensile stresses due to shear exceed the tensile strength of concrete. 
Flexure-shear cracking is essentially an extension of a vertical flexural cracking. 
The flexure-shear crack develops when the principal tensile stress due to 
combined shear and flexural tensile stress exceed the tensile strength of 
concrete. It should be mentioned that web-shear cracks usually occur in thin- 
walled I beams where the shear stresses in the web are high while the flexural 



Fig. 4.4 Types of cracking in reinforced concrete beams 
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4-4.2 Internal Forces in Beams without stirrups 

rs.-rt «*« 

across the crack by interlock of tJ' ™ figure ’ Qa 1S the shear transferred 
«ac k . a. and £ » f *e 

respectively. The shear force is resisted by components of this force, 

Qcz , the shear in the compression zone 

Qay, the vertical component of the shear tranof a 

Qa of the aggregate particles on the two fcce^d^St*' CraCk ^ 

, the dowel action of the longitndinal reinforcement 



F ‘ g - 4 ’ 5 '" ter " al ■ «— beam withon, s « rriIps 

It is difficult to quantify the contributions of Q Q and ora* 

are lumped together as o r referred tn „ u ^ Qd ' In des m these 

k! c , reterred to as shear carried by concrete. 

Qc = Q cz + Qay + Qd .... (4i5) 
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Traditionally, Q c is taken equal to the failure capacity of a beam without 
stirrups. Since beams without stirrups will fail when inclined cracking occurs, 
Q c is equal to the inclined cracking load of the beam without stirrups. 

In general, the inclined cracking load of a beam without stirrups, and 
consequently Q c , is affected by: 

• The tensile strength of concrete: the inclined cracking load is a function 
of the tensile strength of concrete. As mentioned before, the state of 
stress in the web of the beam involves biaxial principal tension and 
compression stresses as shown in Fig. 4.2b (see Section 4.3). A similar 
biaxial state of stress exists in a split cylinder tension test (Fig. 1.7). 
This indicates that the inclined cracking load (or the shear carried by 
concrete) is related to the tensile strength of concrete. 

• Longitudinal reinforcement ratio: tests indicate that the shear capacity 
of beams without stirrups increase with the increase of the longitudinal 
reinforcement ratio. As the amount of the steel increases, the length and 
the width of the cracks will be reduced. Hence, there will be close 
contact between the concrete on the opposite sides of the cracks; 
improving the shear resistance by aggregate interlocking. 

• Shear-span-to-depth ratio (a/d): the shear capacity of beams without 
stirrups is a function of the shear span, a, to the depth, d, of the beams 
(see Fig. 4.6). In general, concrete beams can be classified into slender 
beams and deep beams. Deep beams are those having small (a/d) ratio. 
They are much stronger than slender beams in shear. Detailed 
discussion related to this subject can be found in Chapter (7) in this 
volume and in Volume (3) of this text. 


P P 



Fig. 4.6 Shear span -to-depth ratio (a/d) 
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4.4.3 Behavior of Slender Beams with Stirrups 

The purpose of web reinforcement is to prevent sudden shear failure and ensure 
that the full flexural capacity can be developed. Web reinforcement may either 
be consisting of vertical stirrups, inclined stirrups or bent bars as shown in Fie 
(4.7). 



Fig. 4.7 Iiiterfial forces in a cracked beam with stirrups 

Measurements have shown that web reinforcement is almost free from stress 

prior to the formation of diagonal cracks. After diagonal cracking, web 

reinforcement affects the shear resistance of the beam in three separate ways: 

1 Part of the shear force is resisted by the web reinforcement traversing the 
crack. 

2 The presence of web reinforcement restricts the growth of diagonal 
cracks and reduces their penetration into the compression zone; and 
hence increases the part of the shear force resisted by the compression 
zone. 

3 The presence of stirrups enhances the dowel action. 

The forces in a beam with stirrups and an inclined crack are shown in Fig. (4.7). 



The shear transferred by tension in the stirrups is defined asQ s . Assuming that n 
is the number of stirrups crossing a crack, s is the spacing between stirrups, the 
crack angle is 45 degrees, and that the stirrups yield, then 

n=- .(4.16) 

s 

Qs = n A st fy = Ast ' y - .(4-17) 

s 

where 

A s , area of stirrups 

Shear stress carried by stirrups q s 



(4.18) 


Substituting with the value of Q s in Eq. 4.17 gives 

A s ,xf y xd/s A sl x f y 
q* bxd bxs 


(4.19a) 



(4.19b) 



Photo 4.3 Diagonal cracking in the shear span 
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4.5 Egyptian Code’s Procedure for Shear Design 

4.5.1 Critical Sections for Shear 


The critical sections for shear design are as follows: 

1. The critical section is taken at a distance (d/2) from the face of the 
column provided that column reaction introduces vertical compression in the 
support zone and no concentrated loads act closer to the support than half the 
beam depth (Fig. 4.8.a). In such a case, the shear reinforcement obtained for 
the critical section shall be kept constant through the distance from the 
critical section to the support. 



Fig. 4.8a Critical section for shear (general case) 


2. If a concentrated load acts within a distance (a) where (d/2<a<2d), the 
critical section (A-A) is taken at (d/2) the face of the support. The code 
allows a reduction of the effect of this force on the shear design by 
multiplying its effect by (a/2d) as shown in Fig. 4.8b. 



Fig. 4.8b Case of concentrated load (d/2<a<2d) 


164 


3 If a concentrated load acts within a distance (a) where a<d/2, the csnttcal 
section (A-A) is taken at the face of the support. The code allows Reduction 
of the effect of this force on the shear design by multiplying its effect by (a/ ) 

as shown in Fig. 4.8c. 



i jp Li 

Ai 

i 


Fig. 4.8c Case of concentrated load (a<d/2) 

4 The critical section is taken directly at the face of the column in case the 
column reaction introduces vertical tension in the support zone as shown in Fig. 

4.8d. 



Fig. 4.8d Case of a beam supported by a tension member 
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4.5.2 Upper limit of Design Shear Stress 

In order to avoid shear compression failure and to prevent excessive shear 
cracking, the ECP 203 limits the design ultimate shear stress to the value given 

= 0- 4-0 N /mm 2 .(4.20) 

The upper limit of q umax in Eq. 4.20 is 4 N/mm 2 

If the ultimate shear stress q u )q unm , the concrete dimensions of the cross 
section must be increased. 

4.5.3 Shear Strength Provided by Concrete 

The code evaluation for the shear strength provided by concrete is as follows: 

No axial force 


4cu —0.24 


.(4.21) 


Combined shear and axial compression 

Applying compression force on the cross section will increase the area of 
concrete m compression and thus enhancing the shear capacity. The ECP 203 
gives the following equation 

0)1 

S c = 1+0.07 -a- <1.5 

L \^c J _ 


q cu =S e x 0.24, 


.(4.22) 


Combined shear and axial tension 

Applying tension force on the cross section will decrease the area of concrete in 

compression and speeds up concrete cracking. The ECP 203 gives the following 
equation 6 

r . . 


S, = 1-0.30 di 


la, - x0.24 . 


.(4.23) 
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Equations 4.22 and 4.23 indicate that the ECP 203 considers the effect of the 
axial force when calculation the shear strength provided by concrete. An 
externally applied axial compression force will result in large compression zone 
leading to enhanced q cu . The opposite would be true for a beam subjected to 
axial tensile force plus shear and bending. 

4.5.4 Shear Strength Provided by Shear Reinforcement 

The design ultimate shear stress ( q u ) is compared with the nominal shear 
ultimate shear strength provided by concrete (q cu )- Two cases are possible: 

a) q u < q cu , then provide minimum web reinforcement. 

b) q u ) q cu , then provide web reinforcement to carry q su . 

=q u -0.5 q cu .....(4.24) 

The code allows the use of three types of shear reinforcement: 

1. vertical stirrups 

2. inclined stirrups 

3. bent up bars 

These types are shown in Fig. 4.9 



Vertical stirrups Inclined stirrups Bent bars 


Fig. 4.9 Web reinforcements of reinforced concrete beams 

In case of using inclined stirrups or bent up bars, the inclination angle with the 
beam axis shall not be less than 30°. 

The amount of the shear reinforcement is computed according to the 
arrangement of the web reinforcement as follows: 









Shear stress provided by vertical stirrups 

„ _4. ifr/r.) 


.(4.25) 


where: 

A st = area of all vertical legs in one row of stirrups. For two branch stirrup 
( A sl ) is twice the area of one bar. 
f y = yield strength of stirrups, 

b = beam width. 

s = spacing between stirrups (< 200 mm) 


L h l PreVi °j J f S T at,0n COntains two ^knowns, A st and 5 , thus either one should 
be assumed to determine the required shear reinforcement. 

It the stirrups spacing are assumed, then Eq. 4.25 becomes 


. q su xbxs 


.(4.26) 


The area of one branch is determined by 


where n is the number of branches 

If the stirrups area is assumed, then Eq. 4.25 becomes 


.(4.27) 


A Xf,/y 

s ~ - ——-<200 mm . (a 90-1 

.C*-48) 


> B: Shear stress provided by inclined stirrups 

In case of using stirrups inclined at angle a with axis of the member 

q a ( s j nQ , + cosa ). 

b. s 1 


.(4.29) 
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> C: Shear stress provided by vertical stirrups and two rows or more of 
bent-up bars 

In case of using two rows of bent-up bars inclined at angle a with axis of the 
member accompanied by vertical stirrups, then the calculation is as follows: 

1. Calculate the total design shear stress q su given by: 


= <?„ - 0-5 q a 


.(4.30) 


Assume the vertical stirrups area ( A s( ) and spacing (s) then calculate the 
contribution of the vertical stirrups q sus as follows 


A s, (fy/n) 


.(4.31) 


2. Calculate the amount of remaining shear stress that should be carried by 
the bent-up bars q sub as follows 

<7w, =<7™ ~<lsus .(4.32) 

3. Calculate the required cross sectional area of the bent-up bars A sb 




s " 1/,/rJO 

If the angle (a ) is 45°, Eq. 4.33 becomes 


QsuhXbxs 


sin a + cos a) 


.(4.33) 


.(4.34) 


> D: Shear stress provided by vertical stirrups and one row of bent-up bars 

In case of using one row of bent-up bars inclined at angle a with axis of the 
member, then the previous procedure is followed. However, the required cross 
sectional area A sb is calculated from the following equation 


_ <ls«i, x bxd 

f r /y s xsin a 


in such a case 


.(4.35) 


q sub < 0.24^—, If the angle (a) is 45° , Eq. 4.35 becomes 

, J2xq suh xbxd 

A sb - r , . 

fy f s 


.(4.36) 
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4.5.5 Code Requirements for Shear Reinforcement 

1- A minimum amount of shear reinforcement is required by the code. It is given 
by 

=~- b -s .(4.37) 

Jy 

where b is the width of the section as defined in Fig. 4.10. 

But not less than 

A st(min) =0.0015 b . s for mild steel 24/35 

A st(min) =0.0010 b. s for ribbed high-grade steel 

but not less than 5 <f> 6 /m' 



Fig. 4.10 Definition of b for solid and boxed sections 


The area of steel A st (miscalculated using Eq. (4.37) may be reduced for 
beams of width exceeding their depth as follows: 

reduced= 

{min) * . . . ..(4-38) 

where —— < 1 
?«■ 
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3- For beams with web width equal to or greater than 400 mm, and in beams 
of web width exceeding their height, stirrups of at least four branches 
shall be used. The maximum distance between branches should be less 
than 250 mm as shown in Fig. 4.11. 



250 mm (max) 250 mm (max) 



Fig. 4.11 Stirrups arrangement for beams having b>t or b> 400 mm 

4- For reinforced beams of depth of not more than 250 mm, the code 
requires that the design shear stress be resisted by concrete only 
according to the following relation 

q m <0.16 E...(4.39) 

V Yc 

5- The maximum spacing between vertical stirrups shall not exceed the 
following value 

s m < 200 mm .;....(4.40) 

6- The maximum spacing between rows of bent up bars is as follows: 

s max <4 

< 1.54 provided q u < 1.5 q cu 
or <24 provided q u < q m 

7- Construction joints should be generally avoided at location of high shear 
stresses. Otherwise precautions related to shear friction should be followed. 
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Example 4.1 


Figure (EX. 4.1) shows a simply supported reinforced concrete beam that carries 
a uniformly distributed load having a factored value of 60 kN/m and a central 
concentrated load of a factored value of 100 kN. It is required to carry out a 
shear design for the beam according to the following data: 

Beam width = 300 mm 
Beam thickness = 700 mm 
- f cu =2QNI mm 2 and f y =2A0N/mm 2 



(a) Beam Layout 



(b) Statical System 


275 KN 



1 '70 


Step No.l: Determine the design shear force 

The critical section for shear is located at d/2 from the face of the support. 

Assuming concrete cover of 50 mm 
d=t- cover = 700-50 = 650 mm 

The critical section is located at a distance that is equal to 325mm from the face 
of the support. 

wxi P 60x7.5 , 100 _ 

Reaction at the support = -y- + - = —~— + — - z 3 K1 

. (d 4.0^.1 = 240.5*7/ 

Q u = Reaction-wxj^—+-- J-2/J 00 2 2 J 


Step No.2: Check the adequacy of the concrete dimensions of 
the section 

The concrete dimensions of the section are considered adequate if the shear 
stress due to the design shear force is less than the ultimate shear strength. 

a =1.233 N/mm 2 

H " bxd 300x650 

a =0.7 Y— <4 N /mm 1 

Vumax U 


„ =0 7 ~ = 3.13N/mm 2 <4.0 N/mm 2 

Hu max * V ^ ^ 

4h max ”3.13Af /mm 2 

Since q„ <<?„ max the concrete dimensions of the section are adequate. 

Step No.3: Determine the shear stress carried by concrete 

_0 24 —=0.24j—= 1.073 IV/mm 2 

qcu ]j r c ^ L5 

Since the shear stress is greater than the shear stress carried by concrete, web 
reinforcement is heeded. 


Step No. 4 Design the web reinforcement 

Qsu ~ { /u ^0.5 q cu 





q su =1.233 - 0.5x1.073 = 0.697 NI mm 2 
A - t *s» xbxs 

s ' f,/r. 

Assume that the stirrups spacing is 150 mm 
. 0.697x300x150 

~ 240/1.15 - 150W 

R< *l uircd of ° ne b ™ch = , choose 4> 10 =78.5 mm 2 

Use ^10@ 150mm (7<() 10m') 

Check tnin shear reinforcement 

0.4 0.4 

-"min =-^- = —= 0.0017 >0.0015....ok 

4(mi„) = /“min x b x i = 0.0017 x 300x 150 = 76.5 mm 2 < (A st> provided = 2 x 78.5).ok 
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assumed constant shear stress provided i 

/ | : by stirrups shear stress provided 

/ " by concrete 


q C u =1.07 


gei//2=0.503 


It should be mentioned that using the amount of stirrups obtained from the 
design of the critical section along the whole span is not economic. A practical 
approach to get an economic design is to use the minimum required amount of 
stirrups starting from the section at which the shear stress equals qcu . To 
compute the location of this section, the following calculations are carried out 
The shear force carried by concrete equals 


Qcu = 9™ x b x d\= 1.073 x 3°° x 65° = 209.3 kN 
i i 



Shear force diagram 

Referring to the above shear force diagram and similarity of triangular 

x _ 209.3 - 50 
3.75 275-50 

x=2.65m 

y = 3.75-2.65 = 1.09m «1.25m 

The calculated stirrups (7 <j> 10 m') is provided in the distance y, while a 
minimum stirrups (s=200 mm) is provided in the distance x 
'Win) = Amin *bx.s = 0.0017x250x200 = 85.0 mm 2 (for two branches) 

Area of one branch =42 mm 2 (use <j> 8 =50 mm 2 ) 

Use (5 <)> 8 m') 

(7^> 10 m') (5$ 8 m') 






















Step 1: Determine the design shear force 

n „ to the fact that the girder has a variable cross section, the designer has to 
checkits^shear^ capacity ft more than one location. In this example two secttons 

Thf f h™ecttn in^the solid part is located at d/2 from the face of the 
support. 

Assuming a concrete cover of 100 mm 

d = t - cover = 1100 -100 = 1000 mm 

I wx L 140x12 _ 0Anl ,M 

I Reaction at the support-— - ^ 

g„, = Reaction-w x^-+-- j- S4U ^2 2) 


The critical section at the hollow part (the box section) is located at the section 
where the hollow part starts (x— 1.5m). 


( col .width ) 0 4 n i40xfl 5 + ——) = 560A/V 
Q u2 = Reaction-w xlx +---J = 840-140x^i.3 + ^ J 

Step 2: Check the adequacy of the concrete dimensions 


_0 7 r—£ 0 -< 4.0 M /ynm 
' \ Yc 


„ =0 7 F^- = 3.13A//mm 2 <4.0 IV/mm 2 

q “™ x ' \ 1.5 
a =3.13 N/mm 2 

i u max 

Critical section 1-1 

For the critical section at d/2 from the face of the column 

„ = _aL = 700x1000 = i j? N/mm* 
q “' bxd 600x1000 

■ •n <n ■ The concrete dimensions of the section are adequate. 

* tu] ~ Tumax 

Critical section 2-2 

Section 2-2 has a boxed shape and resistance to shear comes from the two webs 
each having a width of 175 mm 

= Qsl_ = 560x1000 
q “ 7 bxd (2 x 175) x 1000 

■ The concrete dimensions of the section are adequate. 

| • H u2 “tu max * ’ 


1 in 









Step 3: Determine the shear stress carried by concrete 


la. =0.24. 


-0.24 =1-073 N / mm 2 


Step 4: Design the web reinforcement for each section 


For Sec. 1-1 

9sui _ <lul — 0-5 q cu 

— 1-17-0.5x1.073 = 0.635 N / mm 1 

A _ ?™i xbxs 


Assume that the stirrups spacing is 200 mm 
, 0.635 x 600 x 200 

" 360/1.15- 2414 

branches^ ^ *" SeC ' i0 " “ ^ 400mm ' thus re< l“ ircs ">° re than two 

Assuming 4 branches, the area of one branch =A- = 2414 = 61 mm 2 

n 4 

Use <1> 10=78.5 mm 2 

Use <£>10@200 mm 4-branches 

For Sec. 2-2 

Qsul = Qu2 ~®'5 < }cu 

q sul =1.60-0.5x1.07 = 1.065 N/mm 1 
A - ^sui^bxs 

* fy'r, 

\ Assume that the stirrups spacing is 200 mm 
a 1.065x(2xl75)x200 . 

*• -So/us-- 23luw 


Each web is provided with one stiirup that has two branches. 

Thus, the area of one branch =4*. = j 38 ' 14 . = 5 o mm 2 

n 2x2 

Use <I> 10=78.5 nun 2 

Use </A0@ 200mm 4-branches 


Check min shear reinforcement 


0.4 _ 0.4 
/, ” 360 ^ 


= 0.00111 > 0.0010....ok 


4 S ,!(„!„) =ju m ,„ x bxs = 0.00111X600X200 = 133 mm 2 < (A sti provide d= 4 x 78.5).ok 

A «xmh» =M min xbxs = 0.00 111 x (2 x 175) x 200 = 77.7 mm 2 < (A stiprovided = 4 X 78.5).ok 



Sec 1-1 

(Longitudinal Rft. 
is not shown) 



Stirrups Details 

2 <t>10@200 mm 



Sec 2-2 

(Longitudinal Rft. 
is not shown) 


tj) 8@200 mm 


<t>10@200mm I I <t>10@200 mm 


<|> 8@200 mm 


Stirrups Details 
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Example 4.3 

Figure (EX. 4.3) shows a simply supported reinforced concrete beam that carries 
a uniformly distributed load having a factored value of 80 kN/m'. 

It is required to carry out a shear design for the beam using bent-up bars and 
vertical stirrups according to the following data: 

Beam width = 250 mm 
Beam thickness = 800 mm 

f cu = 25 NI mm 2 , f y = 240 N / mm 2 for the stirrups and f y =400 N/mm 2 for the 
bent-up bars 



(a) Beam Layout 


80 KN/m 



(b) Statical System 


256 KN 



Fig. EX. 4.3 
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Step 1: Determine the design shear force 

The critical section for shear is located at d/2 from the face of the support. 
Assuming concrete cover of 50 mm 
d = r-cover = 800-50 = 750 mm 

wxL 80x6.4 

Reaction at the support =—— = —~— = 256/c/v 

( d col. width'] 0A (0/75 0.43 _ „ 

Q u = Reaction- wxl — +- —-1 = 256 -80 x I ^ ■■ + -y- J - 210 kN 

Step 2: Check the adequacy of the concrete dimensions 

The concrete dimensions of the section are considered adequate if the shear 
stress due to the design shear force is less than the ultimate shear strength. 

O, 210xl0 3 2 

a = =- =\.\2Nlmm 

bxd 250x750 


q =0.7 (4sc<4A//mra 


q =0.7 J — = 2.86W /mm 2 <4.0 N / mm 2 

i u max \i 1 5 


qu m = 2 -* 6N/mml 

Since a (q . the concrete dimensions of the section are adequate. 

Step No.3: Determine the shear stress carried by concrete 

q =0.24 =0.24.1— =0.98 N I mm 2 

qcu \r t Vl.5 


Since the shear stress is greater than the shear stress carried by concrete, web 
reinforcement is needed. 

Step 4: Design the web reinforcement 

The web reinforcement consists of two parts: a) vertical stirrups; b) bent-up bars 

c isu =( hi ~®--‘ c lcu 

j =1.12 -0.5x0.98 = 0.63/y/mm 2 
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Step 4.1: Shear stress carried by vertical stirrups 

Assume that a minimum area of stirrups shall be provided 


0.4 0.4 


= 0.00166 >0.0015....ok 


m,n 4 240 ' 

Assume s=200 mm 

d„ (min , = M, m „ xbxs =0.00166x250x200 = 83.3 mm 2 

Area of one branch=41.65 mm 2 , choose <j)8=50 mm 2 

. 4(/,//J (2x50)240/1.15 , 

- --—- - = 0.417 N/mm 


250x200 


Step 4.2: Design of bent-up bars 

= q su =0.63-.417 = 0.21 N/mm 2 

Using one row of bent-up bars and noting that the yield strength of the flexural 
steel is 400 N/mm 2 , the area of the bars equals 


_ Jl X( lsui, xbx d V2x Q.2 lx 250x750 


fytr. 

Use 20 12 (=226 mm 2 ) 


400/1.15 


= 160 mm 1 



shear stress provided 
by bent-up bars(2<t>12) 


shear stress provided 
by concrete 


Example 4.4 

Figure (Ex.4.4) shows a simply supported reinforced concrete beam that carries 
a uniformly distributed load having a factored value of 70 KN/m and a 
concentrated load of a factored value of 90 KN. It is required to carry out a shear 
design for the beam according to the following data: 

Beam width = 250 mm 

Beam thickness = 700 mm 

f cu — 25 N /mm 2 and fy~ 240 N /mm 2 



1 O'} 














Step 1: Determine the design shear force 

The critical section for shear is located at d/2 from the face of the support 
Assuming concrete cover of 50 mm 

d = t - cover = 700 - 50 = 650 mm 

fate < To < Mt thetea ? * 3 diSt3nCe CqUal t0 325mm fram the column 

race, l o get the reaction at the support take Y m„ = 0 

70x(7.0) 2 „ 

-——+ 90xl.25-7/fj =0 

••• R, =261.07 A7V 

Q u = Reach™ - Wji v^ + f o/w ^ j 

=318.93-70xj^ + Mj = 2 78.68A7V 

Step 2: Check the adequacy of the concrete dimensions 

The concrete dimensions of the section are considered adequate if the shear 
stress due to the design shear force is less than the ultimate shir strength. 

„ _ Qu 278.68xlO 3 

q ' bxd~~5 0x650 =U1N,mm 


9umax^ 4N/mm 2 

q “ m “ =0J ^= 2 *™ /mm 2 < 4.0 N/mm 2 =2MN/mm 2 

Smce du <q umm the concrete dimensions of the section are adequate. 

^2(325mm) O &Mn20n nC % th m l °f ^ diStanC6 “ a = I000mm ” between 
(325mm) & 2d( 1300mm), therefore shear stress can be reduced as follows: 

^x2L = l.71x-^ = 1 .32 N/mm 2 

Step 3: Determine the shear stress carried by concrete: 


q cu =0-24/^ =0.24^ =0.98 N /mm 2 


8 " aterthan the shear stress carried by concrete ’ web 
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Step 4: Design the web reinforcement 

4*, =4V -0.5^ =1.32 -0.5x0.98 = 0.83/7 /mm 2 
Assume that the stirrups spacing is 150 mm 
= 0.83x250x150 = , 

f y /Y, 240/1.15 

.-.Required area of one branch = 1 4 ^ 14 = 74.57 mm 2 , choose (j> 10 =78.5 mm 2 
Use ^10@150mm or (7 <(> 10 m') 




(c)Shear stress Distribution 


Check min shear reinforcement 


0 4 0 40 

4 s/(min, = J~ xb xs =-^- x2 50xl50 = 62.5 mm 2 < (A st , provided = 2 x 78.5).....ok 

(7 4 10 m') 



Final shear design 
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BOND, DEVELOPMENT LENGTH AND SPLICING 
OF REINFORCEMENT 



Photo 5.1 Reinforced concrete high rise building (San 

5.1 Introduction 

One of the fundamental assumptions of reinforced concrete design is that at the 
interface of the concrete and the steel bars, perfect bonding exists and no 
slippage occurs. Based on this assumption, it follows that some form of bond 
stress exists at the contact surface between the concrete and the steel bars. 
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Bond strength results from several factors, such as the adhesion between the 
concrete and steel interfaces and the pressure of the hardened concrete against 
the steel bar. 

In a reinforced concrete beam, the flexural compressive forces are resisted by 
concrete, while the flexural tensile forces are provided by reinforcement as 
shown in Fig. (5.1a). For this process to exist, there must be a force transfer, or 
bond between the two materials. 

The forces acting on the bar are shown in Fig. (5.1b). For the bar to be in 
equilibrium, bond stresses,./*, must exist. If these disappear, the bar will pull out 
of the concrete and the tensile force, T, will drop to zero, causing the beam to 
fail. 



a- Equilibrium of a beam 


b- Forces acting on a bar 

Fig. 5.1 Bond stress development 


5.2 Average Bond Stresses in a Beam 

Consider the equilibrium of a segment of a beam of length dx as shown in Fig. 
(5.2). 

.......(5.1) 

Noting that the tension in the reinforcing steel, T, equals 
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(5-3) 


From Eq. 5.3 and 5.1, one can get 


dT = T 2 -T l . 


Eq- 5.5 ....15.5) 

dT = f b -Y° .. 


dT . 

fb ~dx Y° . 

Wh £o = the sum of the perimeters of all tension bars 

r — average bond stress 
y CT = the lever arm of the internal forces C and T. 

Equation (5.6) means ft* average bond stress is proportional to the rate of 
change in the tension in the reinforcing steel. 


(a) Beam 



(b) Moment diagram 



(c) Bar forces 


Fig. 5.2 Average flexural bond stress 
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5.3 True Bond Stresses in a Beam 


At the location of the crack, the steel reinforcement carries the tension force 
way from cracks concrete can pick up part of the tension (T) through bond 

“sited hvTTen M “IT” ^ * ” duc<!d betwe “ cracks ^ amount 

restated by the tenstle stresses eonerete/,. It is only at the locations of the 
cracks that the steel is subjected to tension (T) predicted by Eq. (5.2). Figure 
( . ) shows the variations m the tension force in steel (T), the variation in the 
ensile stresses m concrete (/,), and the variation of the bond stress (f b ) for a 
segment of a beam subjected to a constant bending moment (M) 



(b) bond stresses on bar 


(c) steel tension stress (f s ) 


(d) concrete tension stress (f t ) 


(f) bond stress (f b ) 



Fig. 5.3 True bond stresses in a beam 
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5.4 Development Length 
5.4.1 Theoretical Considerations 

The development length of the bar ( L d ) is the necessary embedment length of 
the bar in concrete in order to ensure that the bar is securely anchored by bond 
to develop its maximum usable strength. For a bar stressed to its yield strength, 
the development length is the shortest length of bar in which the stress can 
increase from zero to yield strength, f y . If the distance from a point where the 

bar stress equals f y to the end of the bar is less than the development length, the 
bar will pull out of the concrete. 

The concept of development length is demonstrated by a bar embedded in a 
mass of concrete as shown in Fig. (5.4). Equilibrium between internal and 
external applied forces leads to: 

Tension in the bar = Bond force.(5.7a) 


= hi* 0 ) L d 

4 Ys 

r 0 \fylr*) 

Ld =^7T . 


(5.7b) 

-(5-8) 


where <J> = the bar diameter 

f b = the average bond stress 
Ab = cross sectional area of the bar 
f y =steel yield stress 
L d = Development length 



ion 










Another approach to understand the concept of development length is presented 
by considering a beam subjected to two-point loads as shown in Fig. (5.5). 
Assume that the design tensile force in steel is equal to f y at point (o). This force 
is transferred progressively from concrete to steel over the length L. If the length 
(L) is equal to or larger than the development length L d calculated from Eq. 5.8, 
no premature bond failure will occur. 




Fig. 5.5 The concept of development length for bars in beams 


5.4.2 Development Length According to ECP 203 

In order to develop a tension or a compression force that is equal to the bar yield 
force at any section, the Egyptian Code present the following equation for 

calculating the development length L d 


£„=■ 


a p n (f,/n) 


4/*, 


<F 


•(5.9) 


where 

O = nominal bar diameter 

r] =1.3 for top reinforcement bars below which the concrete dep l 

is more than 300 mm , 

p = coefficient depending on bar surface condition as defined by 

Table (5.1) 

a = coefficient depending on bar shape as defined by Table (5 .1) 
fbu = ultimate bond strength calculated from the following equation 


A, =0-30 



(5-10) 


The development length for reinforcing steel bars subjected to tension or 
compression shall not be less than. 

35 «j> or 400 mm - whichever is bigger- for smooth bars with hooks 
40 O or 300 mm - whichever is bigger- for deformed bars 


Table 5.1 Values of the correction coefficient (P) 


Surface Condition 


e_ 

Tension 

Compression 

1 

Smooth bar. 

1.00 

0.70 

2 

Deformed bar. 

0.75 

0.45 


The necessary development length depends on the following factors: 

• The bar diameter. 

• The conditions of the bar ends. 

• The condition of bar surface. 

• The position of bar in the forms during construction. 

• The yield strength of steel. 

• The characteristic strength of concrete. 


he development length for bundled bars shall be calculated from equation (5.9) 
msidering the bundle as an individual bar having an equivalent diameter 
he equivalent diameter of a bundle consisting of bars of equal diameter shall 
e calculated as follows: 

, j, <j> e = \A<j) 

In case of using a two-bar bundle 

j. <Pe - 1-7 <P 

In case of using a three-bar bundle 
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Table (5.2) Values of the correction factor a 



The increase in the value of the factor (??) from (1.00) to (1.30) for top bars 
below which more than 300 mm of concrete are placed is justified by test 
results. These results showed a significant loss of bond strength for bars with 
300 mm or more of concrete beneath. This loss is attributed to the tendency of 
excess water and air in the concrete mix to rise up and accumulate to some 
extent on the underside of the bar, thus, resulting in weaker bond on the lower 
part of the bar perimeter (see Fig. 5.6). 



Fig. 5.6 Weak bond strength for top bars 

The Egyptian Code does not deal explicitly with cross sections that are provided 
with reinforcement in excess of that required by calculations. However, the first 
clause of the code’s section regarding development length states that steel bars 
must be extended on both sides of a section by a length that is proportional to 
the force in the bar at this section. This statement, effectively, permits reduction 
of the development length when the provided reinforcement exceed that 
required by calculations. 

For simplicity, the Egyptian Code allows the use of the development length 
(L d ) as given in Table (5.3) instead of using Eq. 5.9 for values ofgreater than 
or equal to 20 N/mm 2 . It is to be noted that this length should be increased by 
30% for top reinforcing bars. 


D=4 <j> for steel 240/350. 
D= 6<)> for (<|)=6-25 mm) 
D= 8 (|> for (<j>>25 mm) 
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Table (5-3) Development length (L d ) estimated as multiplier of bar diameter(n=l)* 


Concrete 

Reinforcement Type 

Grade N/mm 2 

Deformed bars f= 400 N/mm 2 

Smooth bars f y = 240 N/mm 2 


Tension 

Compression 

Tension 

Compression 

18 

65 

40 

40 

35 

20 

60 

40 

38 

35 

25 

55 

40 

36 

35 

30 

50 

40 

35 

35 

35 

45 

40 

35 

35 

40 

42 

40 

35 

35 

>45 

40 

40 

35 

35 


* In case of using deformed bars with hooks, multiply the previous numbers by 0.75 

* The use smooth bars without hooks is not allowed. 



Photo 5.2 Bridge deck during construction 
(notice the shear connectors in the beam 


5.5 Bar Cutoffs in Flexural Members 

5.5.1 The Moment of Resistance of a R/C Beam 

The moment of resistance of a R/C section is the maximum moment that can be 
resisted by the section according to its concrete dimensions and steel 
reinforcement. In other words, it is a property of the cross section. According to 
the preceding definition, it follows that the moment of resistance of a reinforced 
concrete beam at any section depends on the concrete dimensions and the 
amount of steel at that section. 

The tension force in steel (T) is related to the design bending moment (M) by 
the relationship (T=M/Y CT ). For shallow (slender) reinforced concrete beams, 
the lever arm (Y CT ) could be considered constant. Therefore, it could be 
assumed that the required areas of steel at various sections in a beam are 
proportional to the bending moments at these sections. 

The simple beam shown in Fig. (5.7a) is subjected to a uniformly distributed 
load that results in the bending moments shown in Fig. (5.7b). 


wkN/m 

in 




LLLU 


(a) 





it 



Fig. 5.7 The concept of the moment of resistance 
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Assuming that the design of the critical section at mid span, which is subjected 
to a factored moment M u , results in a required amount of steel A s ( ret/) of a value 

of 1440 mm 2 . Four bars of diameter 22 mm are chosen to reinforce the critical 
section. The area of the chosen reinforcement is 1520 mm 2 . Since the chosen 
area of steel is larger than the required area of steel, the moment of resistance of 
the section M r shall be higher than the applied factored moment M u . The 
moment of resistance of a reinforced concrete section can be obtained from 

M r = M u . As ( chosen ) .(5.11) 

^s(req) 

If the required area of steel for the section of maximum moment were used 
along the beam, as shown in Fig. (5.7c), the moment of resistance of the beam 
sections would be as shown in Fig. (5.7b). At low moment regions, the detailing 
shown in Fig. (5.7c) results in an uneconomic design, since the moment of 
resistance of the four bars is much larger than the bending moment diagram. 
Hence, curtailment of bars should be carried out. 



5.5.2 Curtailment of Bars in Beams 

The maximum required area of steel is needed at the section of maximum 
bending moment. This amount of reinforcement may be reduced at sections of 
smaller moments. As a general rule, bars may be cut-off where they are no 
longer needed for flexural strength. Figure (5.8a) shows a better detailing for the 
simply supported beam shown in Fig. (5.7a), where two bars of diameter 22mm 
are extended past the center-line of the support and two bars of diameter 22mm 
are stopped exactly at the theoretical cut-off points. The moment of resistance 
diagram for the detailing that involves curtailment of bars is shown in Fig. 
(5.8b). 



Fig. 5.8 Curtailment of bars in beams 


There are practical considerations and sound reasons for not stopping bars 
exactly at the theoretical cut-off points. These reasons are: 

• The bending moment diagrams may differ from those used for 
design due to approximations in loads and supports. 


Photo 5.3 Failure of a beam-column connection due to inadequate 
anchorage of the reinforcement. 
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• After diagonal cracking, the steel tensile force at a crack is 
governed by the moment at a section not passing vertically 
above the crack intersection with the steel as indicated in Fig. 
(5.9), where the tension force (T) at section (1-1) is governed 
by the moment at section (2-2). 

• It is necessary to develop the calculated stress in bars by 
providing adequate embedment length before the strength of 
the bar can be achieved. 



moment diagram 
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5.5.3 Egyptian Code’s Requirements for Curtailment 

To take into account the considerations mentioned in section (5.5.2) of this text, 
the Egyptian Code sets requirements for bar curtailment as follows: 

1- At least one-third of the positive moment steel must be continued 
uninterrupted along the same face of the beam by a distance of 150 mm 
past the centerline of the support. 

2- At least one-third of the total reinforcement for negative moment must be 

extended beyond the extreme position of the point of inflection (zero 
moment) a distance (L a ) not less than the greatest value of: 

• d 

• 0.3d + 10<h 

• 0.3d + (L/20) 
where 

d is the effective depth of the beam, 
d> is the bar diameter and 
L is the clear span 

3- Every bar should be continued at least a distance (L a ) equal to the 
effective depth (d) or (0.3d+10 <J>) as shown in Fig. 5.10, whichever 
is larger, beyond the point at which it is theoretically no longer 
needed. 



Fig. 5.10 Bar extension beyond the cut-off points (L a ) 
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4- The full development length (L d ) plus the moment shift i.e., (L d +0.3d) 

must be provided beyond critical sections at which the maximum stress 
exists. These critical sections are located at points where adjacent 
terminated reinforcement is no longer needed to resist bending moment. 

5- No flexural bar shall be terminated in a tension zone unless one of the 
following conditions is satisfied: 

• The shear at the terminated point does not exceed two-thirds 
that the shear strength of the cross section including shear 
strength of shear reinforcement q su 


2 

q„ < — 
“ 3 


Stirrups in excess of those normally required are provided 
over a distance equal along each terminated bar from the point 
of cut-off to (0.75 d) as shown in Fig. (5.11). The area of the 
additional stirrups is not less than; 

0.406.S 


.(5.12) 


.(5.13) 


The spacing between these stirrups shall not exceed (d/8 p) where p is 
the ratio of the area of reinforcement cut-off to the total area of tension 
reinforcement at the section. 


.(5.14) 


Cuttoff 
no inf 


S =f d / 8 p 



Fig. 5.11 Additional stirrups at cut-off points 
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ECP 203 requirements for curtailment of bars are summarized in Fig. 5.12 



L d ^Development length of bar 
d = Beam’s effective depth 

® = Bar diameter 

A s = Area of steel, (-)ve for top steel & (+) ve for bottom steel 

Fig. 5.12 Egyptian Code requirements for bars curtailment 
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5.6 Beams with Bent-up Bars 

Bars may be cut-off where they are no longer needed for flexural strength or 
may be bent to participate in shear resistance and can be extended further to 
provide tensile top reinforcement as shown in Fig. (5.13). In some cases 
particularly for relatively deep beams, it may be impossible to make use of bent- 

up bars. The cost of labor involved in fabrication and erection of bent-up bars 
limits their use. 



Fig. 5.13 Beams with bent-up bars 


5.7 Anchorage of Web Reinforcement 

As mentioned in Section 5.6, bars may be bent to participate in shear resistance. 
In this case, the bar must be extended beyond the point of maximum tensile 
stresses due to shear. This point may be taken at mid-depth of the beam as 
shown m Fig. 5.14-a. When stirrups are used as shear reinforcement, they must 
be properly anchored m the compression zone of the beam. To satisfy this 
requirement, stirrups are provided with 90° or 150° hooks as shown in Fig 
5.14b. & 



b-Stirrups 

Fig. 5.14 Anchorage length for shear reinforcement 
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5.8 Splicing of Reinforcement 

The need to splice reinforcing steel is a reality due to the limited lengths of steel 
available. Typical diameter bars are readily available in lengths up 12.0 m. 
Splicing may be accomplished by welding, utilizing mechanical connections, or, 
most commonly for bars having diameter 32 mm and smaller, by lapping bars. 
There are general requirements for proper splicing such as: 

(i) Splices in reinforcement at points of maximum stress should be avoided. 

(ii) When splices are used, they should be staggered. 

5.8.1 Lap splices 

In a tensile lapped splice, the force in one bar is transferred to the concrete, 
which transfers it to the adjacent bar. Bars are lapped a sufficient distance 
known as the lap length as shown in Fig. (5.15). The lap length shall not be less 
than the development length. If, however, the ratio of area of steel provided to 
the required area ( ^s(provided) / ^(required )) is less than 2.0, lap length shall be 
increased by 30%. If bars of different diameters are lapped, lap should be based 
on the larger diameter. Lap splices for tension steel should be staggered such 
that not more than 25% of total area of bars is lapped at one section. 

In a compression lap splice, a portion of the force transfer is through bearing of 
the end of the bar on the concrete. This allows compression lap splices to be 
much shorter than tension lap splice. 



Fig. 5.15 Lap splices 
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The following conditions are also applied 

a- Lap splices are not permitted in tension tie members. Splices in such 
members shall be made with a foil welded splice or a full mechanical 
connection and splices in adjacent bars shall be staggered by at least 750 
mm. The provisions of Section (4-2-5-4-3) of the ECP 203 shall be satisfied. 

b- When splicing bars having different diameters, splice length shall be 
computed based on the larger diameter. 

c- Lap splices of bundled bars shall be baged on the lap splice length required 
for individual bars within a bundle calculated in accordance to Section (4-2- 
5-4-2-c) in the ECP 203, increased by 30%. It is not permitted to splice all 
the bars in the bundle at a certain section. 

d- Lap splices shall not be used for bars having diameter more than 28 mm. For 
such diameters, welded splices or mechanical connections shall be used. 

e- When splicing welded mesh in tension the splice length shall not be less 
than the following values: 

1- For deformed bars, the lap splice length shall be equal to 1.3 L d but not less 
than 150 mm (Fig. 5.16a). 

2- For smooth bars, the lap splice length shall be equal to 1.5 L d but not less 
than 200 mm (Fig. 5.16b). 


! min 50 mm i 



Fig. 5.16 Lap splices for welded mesh 
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5.8.2 Welded and Mechanical Connections 


The code permits the use of welding according to the relevant Egyptian 
specifications. However, welded connections are not allowed for dynamically 
loaded structures. Welded bars should maintain their axes collinear. The welded 
connection shall develop at least 125 percent of the specified yield strength of 
the bar. This insures that an overloaded spliced bar would fail by ductile 
yielding away from the splice location. 

The following conditions must be also satisfied: 

a- Welded splices or mechanical connections not meeting the requirements 
of Section (4-2-5-4-3-b) of the ECP 203 may be used provided that the 
distance between splices shall not be less than 600 mm and the splice 
strength in tension or in compression is not less than the yield strength. 

b- Only electrical welding is permitted in applying welding. 

c- Welding is not permitted within a distance less than 100 mm from the 
point at which the bar is hooked provided that internal radius of the hook 
is not less than 12 times the bar diameter. 

d- It is not permitted to splice cold-treated bars except after hot-treating the 
weld zone. 

e- It is not permitted to splice bars by welding in structures subjected to 
dynamic loads. 
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6.1 Introduction 

This chapter presents the analysis and design of reinforced concrete beams. It 
starts with introducing the reader to the statical system of R/C beams. Types of 
loads on beams and method of calculations of such loads are presented. Design 
of R/C beams to withstand ultimate limit states of failure by flexure, shear, or 
bond is illustrated. Reinforcement detailing is also presented. The chapter also 
contains numerous illustrative examples. 
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Photo 6.1 Skeleton reinforced concrete structure 









6.1 Statical Systems of R/C Beams 

Depending on the conditions at the supports, R/C beams may be classified as 
a- Simple beams, which can be monolithically cast with columns or 
supported on masonry walls (Figs. 6.1a and 6.1b). 



(g) 


Fig. 6.1 Statical systems of reinforced concrete beams 


one 


6.2 The effective span 

The span used in the analysis of a reinforced concrete beam is referred to as the 
effective span, L efT . The value of the effective span may be taken as follows: 

For simply supported beams, (refer to Fig. 6.2), the effective span equals to the 
least value of: 

• The distance between the center-lines of the supports (L) 

• 1.05 times the clear span(Lc) between the supports 

• The clear span between the supports plus the depth of the beam (L c +d) 

For cantilevers, the effective length equals to the lesser value of. 

• The length of the cantilever measured from the center of support 

• The clear projection of the cantilever plus its largest depth 

For continuous beams monolithically cast with supports, the effective span may 
be taken equal to the lesser value of: 

• The distance between the center-lines of the supports 

• 1.05 times the clear span between the supports 

For continuous beams supported on masonry walls, the effective span may be 
taken equal to the lesser value of: 

• The distance between the center-lines of the supports 

• The clear span between the supports plus the depth of the beam 



Fig. 6.2 Calculation of the effective depth 
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6.3 Loads Acting on Beams 

A reinforced concrete beam carries the following loads: 

• The own weight of the beam. 

• The loads transmitted to the beam from the slab. 

• The wall loads. 

• Any other loads that can be directly transmitted to them. 

6.3.1 Own weight of beams 

The own weight of a beam is usually calculated per unit meter of its length as 
shown in Fig. 6.3. 

Own weight of thebeam(o.w.) = y c b t .(6.1) 

where 

b = beam width 
t = beam thickness 

y c = density of reinforced concrete (for normal weight concrete =25 kN/m 3 ) 



Fig. 6.3a Calculation of the own weight of rectangular beams 

For slab-beam systems in which the slabs are cast monolithically with the 
beams, the own weight of the beam is calculated as follows 

o.w=y c xbx(t-t s ) ...(6.2) ' 

where 

ts = slab thickness 



Fig. 6.3b Calculation of the own weight of T- beams 
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6.3.2 Slab loads 

The slab load (kN/m 2 ) consists of a dead load g s and a live load p s . The dead 
load on the slab consists of its own weight and the weight of the flooring above. 
Dead load of the slab g s is calculated from: 

S s =t s x y c + Flooring .(6.3) 

The floor covering {flooring ) is usually taken from 1.5 to 2.5 kN/m 2 depending 
on the used materials. 

The live loads p s on the slab depend on the usage of the structure as given in 
Chapter 1. 

In cases where the slab is supported on all four sides and the ratio of length to 
width is larger than 2 (Fig. 6.3), the short direction of the slab is stiffer than the 
long one. In such a case, the slab carries the load in its short direction and acts as 
a one-way slab. Accordingly, only the beams (AB and CD) of long spans 
support the loads from the slab. 



(g or p ) x L,/ 2 kN/m 

S S I 



Fig. 6.3 Loads on beams supporting one-way slabs L/Li>2 
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In cases where the slab is supported on all four sides and the ratio of length to 
width is smaller than or equal to 2 (Fig. 6.4), the load is carried by all the beams 
surrounding the slab and the slab is called a two-way slab. 

For two-way slabs supported on relatively similar beams on the four sides, the 
lines defining the slab area associated to each beam bisect the comer between 
the two edges and are inclined 45° to either edge. Such distribution means that 
the loads on beams supporting two-way slabs are either triangular or trapezoidal. 


L 



Fig. 6.4 Loads on beams supporting two-way slabs 1 < LIL x < 2 

In case where the triangular or the trapezoidal load satisfies the following 
conditions: 

• The triangular or the trapezoidal load has a symmetrical distribution 
with the maximum intensity at the mid-span of the beam. 

• The triangular or the trapezoidal load covers the span and vanishes at 
the supports. 

Then, the triangular or the trapezoidal load can be replaced by uniformly 
distributed loads along the span of the beam, except for cantilever beams. 
Referring to Fig. (6.5), the following definitions are recalled: 
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Equivalent uniform load for shear (g sh or p s /J: a uniform load that replaces the 
triangular or trapezoidal loads and gives the same maximum shear. 


Ssh = P gs x . (6.4) 

PsH = P Ps x . (6.5) 


where g s is the slab dead load given by Eq. 6.3 and p s is the live load. 

Equivalent uniform load for bending (g b or p b ): a uniform load that replaces the 
triangular or trapezoidal loads and gives the same maximum bending moment at 


midspan. 

Si, =a g s x .(6.6) 

Pi, =a p s x .(6.7) 


Sb= a g s x p„=a p s x 



loads for shear 


gs or p s 



<=> 


Si,- = a Ss x Pi, = a p s x 



S s h=Pg s X P sh ~ P Ps x 



Fig. 6.5 The concept of equivalent uniform loads 


213 

















In order to show the way in which this is done, consider the case of a beam 
supporting a triangular load with maximum intensity w s at the middle as shown 

in Fig. 6.4. The values of a and P for a triangular load can be easily derived. 
Consider a slab load of an intensity then: 

The maximum shear force due to the triangular load at support = w s Lj 4 
The maximum bending moment due to the triangular load at midspan = w s L(/ 12 

If the triangular load is replaced by a uniform load of intensity wp that gives the 
same value of maximum shear, then: 


or 


Wp = 0.5 vr s 


P = 0.5 


w s L, _ w p 
4 2 

If the triangular load is replaced by a uniform load of intensity w a , that gives 
the same value of maximum bending moment at mid-span, then: 


WsAl _ W a L > 


or 


12 8 

In case of trapezoidal loading, it can be easily shown that: 

, Lons direction L L 

where r =- 2 - — = — > 1 

Short direction L\ 2 x 


w a = 0.667 w s a = 0.667 


.( 6 . 8 ) 


The coefficients a and p for are given in Table 6.1 for different values of L/2x. 


Table 6.1 Coefficients of equivalent uniform loads on beams 


Ljlx 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

a 

0.667 

0.725 

0.769 

0.803 

0.830 

0.853 

0.870 

0.885 

0.897 

0.908 

0.917 

P 

0.500 

0.554 

0.582 

0.615 

0.642 

0.667 

0.688 

0.706 

0.722 

0.737 

0.750 


In case one of the conditions mentioned before is not met, as shown in Fig. 6.6, 
one should not use the coefficients a and p . In such a case, the non-uniform 
load could be approximated to an equivalent uniform load for calculating both 
the shear and the bending moments. The intensity of this load w is given as: 


w=w s (loaded area I loaded length) 


(6.9) 


Loaded area 




Fig. 6.6 Examples of cases where coefficients a and 0 can not be used. 


Ol/l 
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6.3.3 Wall loads 

Figure 6.7 shows an elevation of a skeletal concrete structure in which the 
simple beam with cantilever (beam B) supports a masonry wall having a clear 
height h w . For the wall panel bounded between two columns, only wall loads 
bounded by 60° lines from columns cause bending moments and shearing forces 
in the beam (Fig. 6.7.b). This is mainly due to arching action of the wall. 

The trapezoidal wall load can be replaced by an equivalent uniform load giving 
the same maximum internal forces. The coefficients a and p depend on the ratio 
L 0 !2x, where* = h w /4i and can be determined from Table 6.1. It should be 
mentioned that for walls supported on cantilever beams no arching action occurs 
and the total wall load is transmitted to the beam. 

£* =r» xt w + plastering weight.(6.10) 


where 

= specific weight of wall material ranges between (12-19) kN/m 2 
t w = thickness of the wall 

plastering weight from two sides can be assumed (0.8-1.0) kN/m 2 






^ i 1 1 1 1 r 
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\ beam B 

L 0 






(a) 


>4- 4—f 




For calculating wall load on beams we consider the arch action of the wall by 
considering a triangular part of wall load to be carried by the column while the 
remaining part of the wall load (trapezoidal part) is carried by the beam (refer to 
Fig. 6.7b). Hence, when calculating loads on columns the triangular part of the 


wall load must be added to columns loads. 

wall load forbending(g„ h ) = ah w g„ .(6-11) 

wall load for shear(g ws ) = fh a g w ...(6-12) 


Referring to Fig. 6.7, assume that the h w =2A m and the clear distance between 
the supports is 5.0 m and the own weight of the wall, g w , equals 4.75 kN/m . 

For x=h„!4z = 2.4/a/3=1.39 m Lj 2* = 1.80 a = 0.897, p =0.722 

Wall load for calculating bending moments for the part of the beam between the 

supports — ccx.g w xh w = 0.897x4.75x2.4 = 10.23 kN/m 

Wall load for calculating shearing forces for the part of the beam between the 
supports = fxg w xh„ = 0.722x4.75x2.4 = 8.23 kN/m 

The weight of the part of the wall supported on the cantilever beam is totally 
transmitted to the beam and is used for calculating the shear and the moments 
= gw x h w = 4.75 x 2.4 = 11.4 kN/m 


Note 1: Figure 6.8a shows a case in which the wall dimensions result in 
triangular load on the beam. In such a case, the equivalent wall load is calculated 
as follows: 

wall load for bending =2/3 (L o 12 tan 60°) g w 
wall load for shear = 1 / 2 (L a / 2 tan 60") g w 


Fig. 6.7 Wall loads Calculations 
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o 1 n 




















L./2 tan 60' 


Note 2: In case of walls containing openings, the arch action is not fully 
developed and the total value of the wall load should be transferred to the beam 
(see Fig. 6.8b). 





Opening 


b. Walls with openings 


Fig. 6.8 Calculation of wall loads for some special cases 


6.4 Slenderness limits for beams 


The compression zone of a reinforced concrete beam is normally laterally 
restraint against sideway buckling. This lateral restraint is maintained by floor 
slabs attached to the compression zone ( see Fig. 6.9a). 

Figure (6.9b) shows a case in which the compression zone of the beams is not 
laterally supported against sideway buckling by the floor slabs. In such a case, 
and in other cases where the floor slabs does not exist, the code sets the 
following limits on the clear distance between points of inflections in the lateral 
direction: 

(a) For simply supported or continuous beams, the lesser of 40 b or 200 b 2 /d 

(b) For cantilever beams with lateral restraint only at support: 20 b or 80b 2 /d 
whichever is less: 



Sec. 1-1 Sec. 2-2 


(a): Laterally supported beam (b): Laterally unsupported beam 


Fig. 6.9 Lateral restraint against sideway buckling 


219 











































6.5 Linear Elastic Analysis of Continuous Beams 

The ECP 203 adopts linear elastic analysis for the determination of bending 
moments and shear forces in continuous beams. Critical load arrangement 
normally requires that alternate spans are loaded and adjacent spans are 
unloaded. 

The ECP 203 permits the calculation of bending moments and shear forces 
based on the assumption of rigid knife-edge supports. This assumption may lead 
to very conservative values of the bending moments especially when the 
columns are stiff and beam to column joints are monolithic. It should be 
mentioned that for exterior columns moments induced by column restraint must 
be taken into account. 

A further simplification is offered by the Code for continuous beams of nearly 
equal spans and depths under uniformly distributed loads, provided that 
variations in spans do not exceed 20% of the longest span, bending moments 
and shear forces may be estimated as shown in Fig. 6.10. The bending moments 
obtained using the coefficients of Fig. 6.10a should not be redistributed. For 
cases of particularly heavy live loads, the coefficients of the figure may not be 
applicable; an analysis of the continuous beams as being supported on knife- 
edge supports would be required. 

I- Moment = w x L 2 /k m 



Fig. 6.10a Moment coefficients (k m ) for continuous beams 
II- Shear = k* x w x L 



Fig. 6.10b Shear coefficients (lq) for continuous beams 
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6.6 Reinforcement Detailing in R/C Beams 


The effective depth, d, of a beam is defined as the distance from the extreme 
compression fiber to the centroid of the longitudinal tensile reinforcement 
(see Fig. 6.11). 



Fig. 6.11 Effective depth for a reinforced concrete beam 


6.6.1 Concrete Cover 

It is necessary to have a concrete cover (a) between the surface of the beam and 
the reinforcing bars (refer to Fig. 6.12) for three reasons: 

1. To bond the reinforcement to the concrete so that the two elements 
act together. The efficiency of bond increases as the cover 
increases. A cover of at least one bar diameter is required for this 
purpose in beams. 

2. To protect the reinforcement against corrosion. In highly corrosive 
environments such as beams constructed near ocean spray the cover 
should be increased. 

3. To protect the reinforcement from strength loss due to overheating 
in the case of fire. 

Table 6.2 summarizes the requirement ECP 203 regarding the value of the clear 
cover 
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Table (6.2) Minimum concrete cover** (mm) 



6.6.2 Bar Spacing 

The arrangement of bars within a beam must allow: 

'• “ e ' b C a ° r " Cre,e ™ aU Sides of e “ h to transfer forces into or 

2. Sufficient space so that the fresh concrete can be placed and 

compacted around the bars. 

3 ' diefbeam. 1 **** ^ * Vibrat ° r t0 reach throu S h th ^ bottom of 


Refernng to Fig. 6.12, the Egyptian code requires that the distance b should be 

b = Larger of | LargeSt u ^d bar diameter^ 

1 1-5 max aggregate size 



Fig. 6.12 Spacing between individual bars 
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6.6.3 Egyptian Code Recommendations 

The ECP 203 requires when bars are placed in two more layers the bars in 
the top layer must be directly over those in the other layers, to allow the 
concrete and vibrators to pass through the layers. 

If the drop of the beam below the slab exceeds 600 mm, longitudinal skin 
reinforcements (shrinkage side bars) are to be provided along both side faces 
of the beam. The area of this reinforcement should not be less than 8% of the 
area of the main reinforcement; the spacing should not exceed 300 mm (see 
Fig. 6.13). 

Beam flange should be built integrally with or effectively connected to the 
web to justify the design of the beam as having a flanged section. Also, top 
reinforcement (normal to the beam axis) should be provided in the flange as a 
condition of utilizing the monolithic action between flange and web. The area 
of such reinforcement should not be less than 0.3% of flange’s cross section. 
It should be extended to cover the total width of the effective flange. This 
transverse reinforcement shall be space not farther apart than 200 mm. 
Stirrups in the web should extend to the top of the flange to ensure 
monolithic action between the flange and web. 



drop < 600 mm drop > 600 mm 


Fig. 6.13 Provisions for shrinkage reinforcement 
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Example 6.1 

Figure (EX. 6.1) shows a plan and two sectional elevations of a reinforced concrete 
structure. It is required to calculate the loads acting on the simple beam Bl. Live Load 
= 2.0 kN/m 2 , Flooring =1.5 kN/m 2 and own weight of brick wall = 4.5 kN/m 2 . Assume 
the thickness of the slabs =150 mm. 


(a) Plan 



O 

o A 

3 


(b) Sec. A-A 


fa —B—..11 


\ 




\ \ 




(c) Sec. B-B 



Fig. EX. 6.1 Skeletal structure 
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Solution 

Step 1: Statical System of the Beam 

Simply supported beam having a span of 7.0 m 



Statical system of the beam 

Step 2: Calculation of Loads 
Step 2.1: Own weight of the beam 

The width of the wall on axis (B) is 250 mm, accordingly the width of the beam 
is taken as 250 mm. For simply supported beams, it is reasonable to assume the 
thickness of the beam as (span/ 10 ). 

Thus the cross sectional dimensions of the beam = 250 mm x 700 mm 
Own weight of the beam = width x (beam thickness - slab thickness) x y c 
= 0.25 x (0.70-0.15) x 25 = 3.44 kN/m 

Step 2.2: Loads transmitted to the beam through the slab 

Dead load of slab, g s = Own weight of the slab + Flooring 
= 0.15 x 25 + 1.50 = 5.25 kN/m 2 

Live load of slab, p s = 2.0 kN/m 2 

The slab load distribution is shown schematically on the plan. Slabs Si and S 2 
are classified as two-way slabs. Slab S 3 is a one way slab that transmits its load 
to the long span beams located on axes 2 and 3. Slab S 4 is a cantilever slab that 
transmits its load directly to the beams on axis ( 1 ). 

The slab load is transmitted to beam Bl in two parts; the first part is transmitted 
directly and is composed of a trapezoidal load and a triangular load while the 
second part is transmitted indirectly as a concentrated load through the beam on 
axis ( 2 ). 


-T7S 





;a 


c 



Load distribution of the slabs 



The trapezoidal load has its maximum value at the mid-span and vanishes at the 
supports. Thus, it can be replaced by uniform loads covering the whole span and 
giving the same maximum value of the internal force under consideration. The 
coefficients a and j3 are obtained as follows: 

—=—=1.27 a =0.793 and 27=0.605 

2x 5.5 

Equivalent uniform dead load for bending = 5.25 x 0.793 x 2.75 = 11.45 

kN/m' 

Equivalent uniform dead load for shear = 5.25 x 0.605 x 2.75 = 8.73 kN/m' 

Equivalent uniform live load for bending = 2.00 x 0.793 x 2.75 = 4.36 kN/m' 


Equivalent uniform live load for shear 


= 2.00x0.605 x2.75 =3.33 kN/m' 


The slab triangular load does not have its maximum value at the middle of the 
span and it does not vanish at the support. Hence, it will be considered with its 
average value both for calculating the bending moments and shearing forces. 

Equivalent uniform dead load for the loaded part of the beam = * loa(ietlarea 

loaded length 

5.25 x (0.5x4.5x2.25) . . . xr , 

= —- 1 - i =5.9 kN/m 

4.5 

Equivalent uniform live load for the loaded part of the beam = Ps x loadedare a 

loaded length 

= 2-00«(0-5»4.5x3.25) 

4.5 

Step 2.3: Wall Load 



Direct wall load on the beam 


From the figure the height of wall = 2.80 m 

In order to simplify the analysis, the trapezoidal wall load is transformed into 
equivalent uniform loads for calculating the maximum bending moment and the 
maximum shear force. 


2x 2 (h w tan30) 2 x 2.8xtan30‘ 


- = 2.16 > 2.0 


Since L/2x > 2, the equivalent uniform wall Load for calculating the bending 
moment or the shear force of the beam 

g*H=g u ,= g* x K =4.5x2.80 = 12.6 kN/m 
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Step 2.4: Calculation of the concentrated load 

In addition to the previously calculated equivalent uniform loads, beam B1 
supports the reaction of the secondary beam on axis ( 2 ). 

The beam on axis (2) supports loads from the slab and its own weight. Assume 
that the dimensions of the beam are 120 mm x 700 mm. 

Own weight of the beam = width x (beam thickness - slab thickness) x y c 
= 0.12 x (0.7-0.15) x 25 = 1.65 kN/m 

The slab load is transmitted to the beam on axis (2) directly and is composed of 
a rectangular uniform load and a trapezoidal load. Since we are interested in the 
maximum reaction of the beam on axis ( 2 ), only loads for shear are calculated. 

—=—=1.22 5=0.589 

2x 4.5 




Slab load on the secondary beam on axis 2 


It is clear from sec. B-B that no wall is present on the beam. Thus, wall load=0 
Slab dead load = g s x A, + g s x X 2 x p = 5.25 x 1.25 + 5.25 x 2.25 x 0.589 = 13.52 kN/m 
Slab live load = p s x X, + p s x X 2 x J3 = 2.0 x 1.25 + 2.0x2.25 x 0.589 = 5.15 kN/m 

Total equivalent uniform dead load g sh = ow.+ Slab load =1.65 + 13.52 = 15.17 kN/m 
Total equivalent uniform live load p sh = slab load = 5.15 kN/m 

Reaction due to dead load (G)= Ssh = 1517x5-5 =41.7 kN 

2 2 


Reaction due to live load (P)= — = T 15 * 5 - 5 = 14 2 kN 

2 2 


??8 


Summary 

Equivalent dead load for bending 
Part ab 

g h = o.w + slab load for bending + wall load for bending 
g h =3.44 +11.45 + 12.6 = 27.5 kN I m 

Part be 

g„ = 3.44 + (l 1-45 + 5.9) +12.6 = 33AkN/m 

The concentrated load is the reaction due to dead load as calculated from the 
analysis of the beam located on axis ( 2 ) 



Equivalent dead load for shear 
Part ab 

Ssh =ow +slab load for shear +wall load for shear 
g sh =3.44 + 8.73 + 12.6 = 24.8 kN/m 

Part be 

g sh = 3.44 + (8.73 + 5.9) +12.6 = 30.7 kN/m 

The concentrated load is the reaction due to dead load as calculated from the 
analysis of the beam located on axis ( 2 ) 
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Example 6.2 

Figure EX. 6.2a shows an architectural plan of a typical story of an office 
building. It is required to: 

a- Propose the structural system of the floor as a slab-beam type system. 

b- Draw the load distribution from the slabs to the surrounding beams. 

Solution 

The structural engineer works very closely with the architect when proposing the 
structural system of the floor in order to meet the architectural requirements. 

Generally, one provides beams at the locations of the masonry walls. The width of the 
beam is usually equal to that of the wall. Beams are also provided in order to get 
reasonable slab dimensions. 

According to the previously mentioned points, the structural plan of the floor is shown 
in Fig. EX. 6.2b. The following points can be observed: 

1- There are two terraces in the floor plan. They are both cantilever slabs since 
the span of the cantilever is relatively small (1.2m). For spans of about 2.0m, 
cantilever slabs can be economically utilized. For longer spans, deflection 
considerations limited the use of cantilever slabs. 

2- In the corridor area, no walls exist on axes 3, 4 and 5. Hence, we can either 
provide beams between the columns on axes C and D or leave the corridor area 
beam free. If it is architecturally accepted, then providing beams improves the 
framing action of the building. 

3- The slabs of the structural plan of Fig. EX. 6.2b have relatively reasonable 
dimensions. No need to provide beams to reduce the area of such slabs. For 
example, the floor slab of the meeting room has dimensions of 4.0m x 7.6m. 
The area of such a slab could be divided into two parts if one provides a beam 
on axis E, between axes 5 and 6. However, such a beam is not architecturally 
acceptable. Accordingly, the structural engineer should provide the required 
thickness and steel reinforcement of such slab of dimensions 4.0m x 7.6m in 
order to preserve the architectural requirements. The same observation applies 
to the floor slab of room (5), where a beam could have been provided on axis 7 
between the columns located on axes A and C. 

4- Most of the floor beams are supported directly on columns. In some cases, 
however, beams can be supported on other beams. For example, the beam 
located on axis 8 is supported on cantilevers extended from the beams located 
on axes A and C. 

The load distribution from the slabs to the surrounding beams is shown in Fig. EX. 
6.2c. 
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Example 6.3 

It is required to calculate the loads acting on the simple beam with cantilever B2 
shown in Fig. (EX. 6.2b). 

Data 

Live Load = 2.0 kN/m 2 
Flooring = 1.5 kN/m 2 
Floor Height = 3.50 m. 

Specific weight of the brick wall is 14.8 kN/m 3 


Solution 

Step 1: Statical System of the Beam: 

Simple beam with a cantilever 



Statical System 


Step 2: Calculation of Loads 
Step 2.1: Own weight of the beam 

Assume that slab thickness is equal to 150 mm. 

Assume that the thickness of the beam in the range of (span/10) (t s 600 mm) 
Thus the cross sectional dimensions of the beam = 250 mm x 600 mm 
Own weight of beam = width x (thickness of beam-thickness of slab) x y c 
= 0.25 x (0.60-0.15) x 25 = 2.81 kN/m 

Step 2.2 Loads transmitted to the beam through the slab 

Own weight of slab = thickness of slab x y c = 0.15 x 25 =3.75 kN/m 2 
Dead Load, g s = Own weight of slab + Flooring = 3.75 + 1.50 = 5.25 kN/m 2 
Live Load p s =2.0 kN/m 2 
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The slab load is transmitted to beam B2 in two parts; the first part is transmitted 
directly and is composed of a trapezoidal load and the second part is transmitted 
indirectly as a concentrated load through the secondary beam B 1 . 


1.30 



Direct slab load transmitted to B2 


The slab trapezoidal load does not have its maximum value at the middle of the 
span and it does not vanish at the support. Hence, the loads will be calculated 
using the area-method for calculating the bending moments and shearing forces. 

» -c i j (g, or P,) x loaded area 

Average uniform load =-^—— - 

loadedspan 

1. Between supports 

loaded area = + 2.6x1.3 + ^^y^jxl.4 = 9.42 m 2 

Thus, the uniform dead load = loacieci area = —T^; 42 ) _ 9 33 kN/ m ' 

loadedspan 5.30 

, , , p,x loaded area 2.0 x (9.42) 

and the uniform live load = — -=->-= 3.55 kN/m 

loadedspan 5.30 

2. Cantilever part 

1 2 2 

loaded area = — — = 0.72 m 1 
2 

Thus, the uniform dead load = — x l° a ded area _ 525 ^ ( 0 .72) _ 3 kN/m' 

loaded span 1.2 

, ., , p s xloadedarea 2.0 x (0.72) , 

and the uniform live load = — ---^/ = 1.2 kN/m 

loaded span 1.2 


Step 2.3: Wall Load 



Wall load transmitted to B2 


gw-Yw* A + plastering weight = 14.8 x 0.25 + 0.8 = 4.5 kN I m 2 
Height of the wall = floor height - beam thickness = 3.5 - 0.60 = 2.90 m 
h h 2.9 


tan 60 V3 S 
L 5.3 


= 1.67 m 


2x 2x1.67 


-=1.58 


a=0.867 and p=0.684 

1. Between supports 

• Equivalent uniform wall load for bending (g wb ) 
g„,, =axg w xh vt =0.867x4.5x2.9 = 11.3 IkN/m' 

• Equivalent uniform wall load for shear (g ws ) 

= P x gw X K =0.684x4.5x2.9 =8.93 kN/m' 

2. Cantilever part 

• Since the wall load is rectangular, the equivalent uniform wall-load 
for bending equals the load for shear. 


g^h=g m = gw xh" = 4.5 x 2.9 = 13.05 kN / m! 






Step 2.4: Calculation of the Concentrated Load (Beam Bl) 

In addition to the previously calculated average uniform loads, beam B2 
supports the reaction of the secondary beam on axis (8) (Bl). 

Beam Bl supports loads from the slabs, the walls, and its own weight. When 
calculating its reaction, it should be analyzed for the load for shear. The slab 
load is composed of a uniform rectangular load and a triangular load. 




Direct wall load on Bl 

Self weight 

Assume the concrete dimension of Bl as 250 mm x 600 mm 
Own weight of the beam = width x (beam thickness - slab thickness) x y c 
= 0.25 x (0.6-0.15) x 25 =2.81 kN/m 

Slab load 

Slab dead load for shear = load from triangular part + load from one way slab 

= P-g, + g 5 -x 2 

= 0.5x5.25x2.6+5.25x 1.2 
Slab live load for shear = p ■ p s -x, + p s ■ x 2 


13.125 kN/m' 


= 0.5 x 2.0 x 2.6+ 2.0 x 1.2 


5.0 kN/m' 


Wall load 

Height of the wall = Floor height - Beam thickness= 3.5 - 0.60 = 2.90 m 


X — 


^. = ^£ = 1.67 m 

s s 


L 5.2 
2 x 2 x 1.67 ■ 


1.55 


a=0.862 and p=0.678 

g w =r»*t„ + plastering weight = 14.8 x 0.25 + 0.8 = 4.5 kN/m 2 
Equivalent uniform wall load for calculating the shear (g ws ) 


g„ s = P x g„ x K = O- 678 X 4-5 x 2.9 = 8 -85 ^ kN,l m' 

Total load 


Total equivalent uniform dead load for shear (g sh ) 
gsh = o. w + slabload for shear + wall load for shear 

gsh = 2.81 + 13.125 + 8.85 = 24J9kN/m 

Total equivalent uniform live load for shear (p S h)- 5-0 kN/m 

Reactions 

„ ?,.xt 24.79x5.2 

Reaction due to dead load (G)— ^ ^ 


n . x Lt 5.0 x 5.2 a jrhf 

Reaction due to live load (P)= —-— = ~ 13 '° kN 

Step 3: Total loads acting on the beam B2 

Step 3.1: Equivalent dead load for bending 

between supports 

g/ — o.w + slab load + wall load for bending 
gh =2.81 + 9.33 + 11.31 = 23.46 kA/7m' 

cantilever part 

gb =2.81+3.15+13.05 =19.0 kN/m 


64.4 kN 







Step 3.2: Equivalent dead load for shear 
between supports 

Ssh = o.w + slab load + wall load for shear 
g sh = 2.81 + 9.33 + 8.93 = 21.07 kNl m' 

cantilever nart 

g sh = 2.81 + 3.15 + 13.05 = 19.01*///«' 


21.07 kN/m' 


64.4 kN 


19.01 kN/m' 


5.30 m 


Step 3.3: Equivalent live load for shear and bending 

Since the slab load is calculated using the area method, equivalent live load for 
shear equals equivalent live load for bending 

between supports 

P h = slab live load 
p b =3.55 kN/m' 
cantilever nart 
p b =l.2lcN lm' 


3.55 kN/m' 



5.30 m 


13.0 kN 
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Example 6.4 

It is required to find the loads acting on the beam B3 shown in Fig. (EX. 6.2b). 
Live Load = 2.0 kN/m 2 , Flooring =1.5 kN/m 2 , Floor Height = 3.50 m. 

Specific weight of the brick wall is 14.8 kN/m 3 . 

Solution 

Step 1: Statical System of the Beam: 

Continuous beam with four equal spans 




Statical system 

Step 2: Calculation of Loads 
Step 2.1: Own weight of the beam 

Assume the cross sectional dimensions of the beam = 0.12 m x 0.60 m 
Assume that average slab thickness is 120 mm. 

Own weight of beam = width x (thickness of beam-thickness of slab) x y c 
= 0.12 x (0.60-0.12) x 25 = 1.44 kN/m 

Step 2.2: Load transmitted to the beam through the slab 

Own weight of slab = t s x y c 


Dead Load, g s 


= t, x Yc 

= 0.12x25 = 3.00 kN/m 2 
= Own weight of slab + Flooring 
= 3.00+ 1.50 =4.50 kN/m 2 


The continuous beam supports two-way slabs from one side and one-way slabs 
from the other side. The two-way slabs transmit triangular loads to the beam, 
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while the one-way slabs transmit uniform loads. In order to simplify the beam 
analysis, the triangular loads are transformed into equivalent uniform loads. 



jBiHimimmimiimiHimimmiiiB I 


Slab Loads 


Equivalent uniform slab dead load for bending 

Sb ~ triangular load from two way slab + load from one way slab 


= a-g s ■x , +g s •*, 

= 0.67 x 4.50 x (4.0/2) + 4.50 x 2/2 = 10.53- kN/m' 

Equivalent uniform slab dead load for the shear 

gsh =p-g s -X, +g s -x 2 

= 0.5 x 4.50 x (4.0/2) + 4.50 x 2/2 = 9.0 kN/m' 

Equivalent uniform slab live load for bending 

Pb = a-p s -x,+p s -x 2 

= 0.67 x 2.0 x (4.0/2) + 2.0 x 2/2 = 4.68 kN/m' 

Equivalent uniform slab live load for the shear 

Psh =P-p s -X, +p s -x 2 

= 0.5 x 2.0 X (4.0/2) + 2.0 x 2/2 = 4.0 kN/m' 
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Step 2.3: Wall Load 

g w = y„xt„ + plastering weight = 14.8x0.12 + 0.8 = 2.58 kN/m 2 
Height of the wall = Floor height - Beam thickness= 3.5 - 0.60 = 2.90 m 
h 2.9 

X = —s=r = —r=r = 1.67 Til 

V3 V3 

= ———=1.19 
2x 2x1.67 

a=0.766 and P=0.581 

Equivalent uniform wall load for bending (g wb ) 
g„b =ax g,v xfl w - 0.766 x 2.58 x 2.9 = S.lhkN I m' 

Equivalent uniform wall load for shear (g ws ) 

= ftxg„xh w =0.581x2.58x2.9 = 4.34 kN/m' 



Wall load 









Step 3: Total loads acting on Beam 
Step 3.1: Equivalent Dead Load for bending 

g h = o.w + slab load + wall load for bending 
g b =1.44 + 10.53 + 5.73 = 17.7 IcN/m' 

gb= 17.7 kN/m' 










4.00 m 


4.00 tn 


4.00 m 


/\ 

777777s 


4.00 m 


Step 3.2: Equivalent Dead Load for Shear 

g sh = o.w + slab load + wall load for shear 
gsi =1.44 + 9.0 + 4.34 = 14.78 kN lm' 

gsh= 14.78 kN/m' 



Step 3.3: Equivalent Live Load for bending 

p b = slab load =4.68 kN/m' 


p b = 4.68 kN/m' 



Step 3.4: Equivalent Live Load for shear 

p s h = slab load=4.0 kN/m' 


/+/i = 4.0 kN/m' 
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Example 6.5 

It is required to carry out an integrated design for the simple beam shown in Fig. 
EX. 6.5a. The beam is arranged every 5.0 m. The beam carries a uniformly 
distributed unfactored dead load (including its own weight) of a value of 20 
kN/m and unfactored live load of a value of 15 kN/m. This uniform unfactored 
load could be considered for the bending and shear designs. The characteristics 
compressive strength of concrete f cu = 30 N/mm 2 . The yield strength of the 
longitudinal steel f y = 360 N/mm 2 and for the stirrups = 240 N/mm 2 . 


w kN/m' 



Fig. Ex-6.5a Simple beam 


Solution 

Step 1: Flexural design 

Step 1.1: Calculation of maximum moments 

Factored design load, w u = 1.4 D.L. + 1.6 L.L. 

= 1.4x20+ 1.6 x 15 = 52 kN/m 

For obtaining the maximum moments, one needs to calculate the effective span. 
Assume a concrete cover to the C.L. of the steel of 50 mm 
d = 700 - 50 = 650 mm 

L e ff = The smallest of: 

• distance C.L. to C.L. between the support = 7000 mm 

• clear span + d = 6600 +650 =7250 mm 

• 1.05 x clear span = 1.05x6600 =6930 mm 


944 





















The bending moment diagram is shown in the figure below 


104 kN.m 



Bending moment diagram 

Maximum positive bending moment at mid-span 
=52.0x^1 = 312 kN.m 

Maximum negative moment at the support (due to partial prevention of beam rotation) 
=52.0x^1 = 104 kN.m 

Step 1.2: Design of Critical Sections 

The critical sections are shown below 







Section at midspan (Sec 1):- T-section 

B e ff = The smallest of: 

• 16t s +b = 16x120 + 250 = 2110mm 


• — \-b= -+250 = 1650mm 

5 5 


• C.L. to C.L. between the beams on plan = 5000 mm 


B e ff=‘ 1650 mm 



! 

| 


Assume that the neutral axis is inside the flange (a < t s ) 


d = C i 


M u 

fcuB 


650 = C, 


312x10° 

30x1650 


C, =8.19 


The point is outside the C r J curve — < (4) min 

d d 

Take- = (-) mjn =0.125 C = 0.125x650 = 81mm and .7 = 0.826 
d d 


a = 0.80x81 = 65mm < t, (as assumed) 


A , =- 


fyj-d 


312x10° 


360x0.826x650 


= 1614 mm 


(dj) m in = the smaller of: 


0.225^ , , 0.225^30 2 

- ——xbxd -x250x650 = 556mm 

/, 360 

1.3 A s (required) =1.3xl614=2098mm 2 
but not less than 

— xfcxrf x 250 x 65Q = 244 mm 2 

100 100 


(A s )min. 556 mm ■> (A s ) re quired 


Choose A S =5<1> 22 


-^s(chosen) 1900 mm 


M. =M = 312x1^ = 3 61kNm 


, s{requiral ) 


1614 


Stirrup hangers: The minimum required area of steel used as stirrup hanger is 
10 % of the main steel (Use 2<f> 12). 


OAH 





Section at support(Sec 2):- Rectangular-section 

b=250 mm 


1 

, 

\fa.b \ 

I".1 1. 1 


650 = C,. 


104x 10 
30x250 


C, = 5.52 


The point is outside the C r J curve .-. — < (—) min 

d d 

Take 7 = ( 7 )min=0 - 125 


C = 0.125 x 650 = 81 mm 


J = 0.826 


, M, 104xl0 6 2 

A =-=-=538 mm 

1 f y .jd 360x0.826x650 

(^j)min =556 mm 2 > A s{nq) . use^ jmin 

Choose A S =3<P 16=600.0 mm 2 


M r =M U x - ^ sm) = 104x— = 116.0 kNm 


Step 1.3: Calculation of the development Length 


f bu = 0.30 Asl = o.30 = 1.34 N/mm 


T] bottom 1 -0 


Otop L3 


For bars in tension:- 

a= 1.0 (Straight Bars) and P=0.75 (deformed bars) 


r . f 1.0x0.75xl.0x(360/1.15) w 

= (-—— 4 - ~)4 =44^ (962 mm) for O 22 


f 1.0x0.75xl.3x(360/1.15), 

={ - ^ni - u = 51 * 


(912 mm) for d> 16 


For bars in compression:- 


x=l .0 (Straight Bars) and |3=0.50 (deformed bars) 


. 1.0x0.50xl,0x(360/1.15) , 29^ 

4x1.34 ' 


(642 mm) for <J> 22 


_ , 1.0x0,50x 1,3 x (360/1.15) , ^ = ^ 


4x1.34 


(456 mm) for d> 12 


2 

Or we can directly use the coefficients from Table (5.3) with ./A — 30 N/mm 
For Tension: L d (bottom) = 50<l>, Ld(t 0 p) _ 65<I> 

For Compression: Ld(bottom) = 40 < l ) , Ld( t0 p) _ 52O 

Step 2: Shear Design 

I The shear force diagram is shown in the figure below 


180.2 kN 



L e = 6.93m 


Shear force diagram 


180.2 kN 


For the case of uniform load, the critical section is at d/2 from the face of support. 
Q u = Reaction at the support (R) - w „ (d / 2 + half column width ) 


/? = 52x^ = 180.2AA 
2 


Q u = 180.2 - 52 x (^2. + 0.20)=152.88 kN 

__ 6 JL _ = 152.88xltf =a94 N i mm r 
b x-d 250x650 








> = 3.13.W /mm 1 


3.13 N / mm 2 <4.07//mm 2 


q u - 9„ (mi ix) Concrete dimensions of the section are adequate for shear. 


^=0.24^=1.07 W/mm 2 

< g cu Use minimum stirrups 

According to the ECP 203, // min = M=_M-= 0.00167 (not less than 0.0015) 

J y 240 

•4/(min.) 

Take s=200 mm 


4(mh,.) = 0.00167x250x200 = 84.0 mm 2 (for two branches) 
Area of one branch = 42 mm 2 —>Use Stirrups 5(j>8/m 


Curtailment check for bottom straight bars 

At the cut-off locations, ECP 203 requires that the spacing between the stirrups 
(s) should be greater than d! S/3 where ji = A ^9 {t ^ _ 2<t>22 = o .4 


A s (total) 5® 22 


650 

S < -= 203 mm 

0.8.x 0.4 


Additional stirrups is added (4>8 @200 mm) in a distance of 0.75 d. Thus the 
final spacing is decreased to 100 mm for the distance of 0.75 d. 


Step 3: Reinforcement detailing 

Figure EX. 6.5b shows the curtailment of bars and the moment of resistance 
diagram as well as the original bending moment diagram for the case of straight 
longitudinal bars. The rules mentioned in Chapter 5 were followed for bar 
curtailment. 

Complete reinforcement detailing for the beam is shown in Figs EX. 6.5c and 
EX. 6.5d for the case of straight and bent bars, respectively. 



Fig. EX. 6.5b Curtailment of bars for beam B1 
(Case of straight bars) 

















25 2 253 


(-4-2 1_J_ 

I I I 

08@1OOmm 2#12 08 @ 2 OOmm 

! 3 #16 I / ' 


0 8@100mm 



Fig. EX. 6.5c Reinforcement details for beam B1 
(case of straight bars) 


- 

120 

|- 

i 

i- 

i 

111 



/ 

250 , 


0 8@200 


Sec. 1-1 


| 0 8@100 


Sec. 2-2 



Fig. EX. 6.5d Reinforcement details for beam B1 
(case of bent-up bars) 



2 #12 ! 


hash 

Sec. 1-1 



0 8@200 

3# 22 


Sec. 2-2 
















Example 6.6 

It is required to carry out an integrated design for the simple beam with 
cantilever shown in Fig. (EX. 6 . 6 a). The beam is arranged every 5.0 m. The 
unfactored dead and live loads acting on the beam are also given. The cube 
compressive strength of concrete f cu = 30 N/mm 2 and the yield strength of steel 
f y = 360 N/mm 2 . 



a) Simple beam with cantilever 



34 kN 

20 kN/m 

UJL 

i U 

lum i \ u 1-Li.j 


b) Unfactored dead loads 



c) Unfactored live loads 
Fig. EX. 6 . 6 a Simple beam with cantilever 


Solution 

Step 1: Flexural design 

Step 1.1: Calculation of maximum moments 

Maximum +ve moment at mid-span 

Since the live loads is less than 0.75 D.L., the ultimate factor of 1.5 may be 
used. For obtaining the maximum moment at mid-span, the full live load is 
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applied between the support, while only 0.9 D.L. (minimum dead load required 
by the code) without live loads are applied at the cantilever part. 

The calculations of the loads are carried as follows: 

Between the supports: Cantilever loads: 

w u = 1.5 x (D.L. + L.L) w„ = 0.90 x D.L. 

w„ = 1.5x(20.0+ 10.0) = 45.0 kN/m w u =0.90x20.0 = 18.0 kN/m 

P u = 1.5 x (34.0+ 14.0) = 72.0 kN P„ = 0.90 x 20.0 = 18.0 kN 




72 kN 


45 kN/m 18 kN/m 

E3XO 




18 kN 


3.0 m 


3.0 m 


2.0 m 


Load case 1 

wxL 1 PxL 45x6 2 72x6 72 . XT 

M u(+ve ,= ——+—-=(-—- + ——)---= 274.5 kN.m 

Maximum -vc moment at the cantilever 

For obtaining the maximum negative moment at the cantilever 
Between the supports : Cantilever loads: 

w u =0.90xD.L w u =>1.5x(D.L.+ L.L) 

w u =0.90x20.0 = 18.0 kN/m w„ = 1.5x(20.0+ 10.0) = 45.0 kN/m 

P u =0.90x34.0 = 30.6 kN P u = 1.5 x (20.0 + 8.0) = 42.0 kN 


30.6 kN 


42 kN 



18 kN/m’ 

45 kN/m' 



,, ,, v 

% 

\ 3.0 m 

3.0 m | 2.0 | 


Load case 2 
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45 x 2 2 

Mu(-ve)@cantilever = 42 x 2 + ——— = 1 74 .0 kN .m 

w , ^ 30.6x6 18x6 2 174 

Mu(+ve)@midspan=-+- ■—— = 39.9kN .m 

Step 1.2: Design of critical sections 

The critical sections are shown in the figure below 




■ 7 ^ 

rfrrm 


6.0 m 


2.0 m 


Section No. 1 T-section 
M u = 274.50 kN.m 

The smallest of: 

• 16l. + £> = 16xl20 + 250 = 2170mm 


B e ff 


-+b 


0.8x6000 


+ 250 = 1210mm 


5 5 

• C.L. to C.L. between the beams on plan = 5000 mm 
Note: The factor 0.8 is used because the span is continuous from one end 

B e ff= 1210 mm 

Assume beam thickness (t) = s P an s700 mm 
10-12 

d = t’-cover = 700-50 = 650 mm 

Assume that the N.A. is inside the flange (a < tj) 


d = C u f^- 

1/cu* 


650 


274.5 x 
1 30x12 


10 6 

1210 


C, = 7.47 & J= 0.826 


The point is outside the curve .-. 4 < (4) m i n 

a a 

Take 4 = (4) min =0.125 
d d 


C = 0.125x650 = 81.25mm 


a = 0.80x81.25 = 65mm < ^=120 mm (as assumed) 


A. = 


M. 


274.50xl0 6 


f y .jd 360x0.826x650 


- = 1420mm 2 


(A s ) min = the smaller of: 

0.225 Jf— , , 0.225^30 

- -xbxd=- -x250x650 = 556mm z J 

/, 360 

1.3 A s (required) =1.3x1420=1846 mm 2 

iA<-) n iin. 556 mm ^ (A s ) re q U j re( j 
Choose A s =63> 18 A sfch(Ke + = 1527 mm 2 


M =M„ x- 


A, 


s(chosen) 


= 274.5 x 


1524 


^sfrequired) 1420 


= 294.6 kN.m 


Section 2: Rectangular section 
b= 250 mm 

M u =174.0 kN.m 


d = C, 


M u 

fa. b 


650 = C, 


174.0xl0 6 


30x250 
Cj = 4.26 & J = 0.81 


A. = 


M.. 


174.00 xlO 6 


f.,.jd 360x0.81x650 


- = 918mm 2 





Choose 4<D18 A s(chosen )= 1016 mm 2 

M x A s&osen) = n4 0x l£16 = 192 g kN m 

918 




Section No. 3: Rectangular section 

b= 250 mm 

At the simple support, the Code requires a design for the moment that develops due to 
partial prevention of the beam rotation. For a beam that carries a uniformly distributed 
load kN/m, the Code gives the moment at the simple support as wx C/24. This value 
equals to half the fixed end moment. Extending this concept to our case, one could 
assume that the moment that shall be developed is equal to half the value of the fixed 
end moment developed for a beam that carries a uniformly distributed load plus a 
concentrated load at mid-span. 

Fixed end moment at simply supported span 


wxL 2 PxL_ 45x6 2 72x6 

12 8 12 8 


: 189 kN.m 


M at sec tion3 = 0.5x189=94.50 kN.m 



650 = C y 


94.5 xlO 6 
30x250 


C, =5.79 &J=0.826 


, M u 94.5 xlO 6 , 00 2 

A =-— = —--=489mm 

s f y .jd 360x0.826x650 


(/t;)min = the smaller of: 


°: 225 ^ xfrxrf = 250 x 650 = 556 mm 2 J 

/, 360 

1.3 A s (required) =1.3x489=635.7 mm 2 


A smin =556 mm 

Choose A s =3d>16 (or 2<J>18+2<1>12 in case of bent bars) 


c a 


Step 1.3: Calculation of the development length 

a-P-ni—) 

L d = 4 

4fbu 


fu. =0-30= 0.30 J— = 1.34 N/mm 


fibottom 1 *9 


For bars in tension:- 


htop 1-3 


a= 1.0 (Straight Bars) and P=0.75 (deformed bars) 


.1.0x0.75x1.Ox (360/1.15) 


4x1.34 


}.<p = 44<t> 


1.0x0,75xl.3x(360/1.15) , 
4x1.34 ’ 


.<t> =574) 


For bars in compression 

a= 1.0 (Straight Bars) and 3=0.50 (deformed bars) 

, .1.0x0.50x1.Ox(360/1.15). ^ 

= {-T—^--l® = 294) 

4x1.34 


_ f 1.0xQ.50xl.3x(3 60/1.15) , 
1 4x1.34 1 


.4) = 384) 


Or we can directly use the coefficients from Table (5.3) with/ c „=30 N/mm 2 
For Tension: L d(bottom) =50<J>, L d(top) =65cE) 

For Compression: L d(bot[om) =400, L d(top) =52<I) 


Step 2: Shear design 

For calculating the design shear forces, the total dead and live loads have to be 
placed on the beam as shown in the figure below 

w u = 1.5x(20.0 +10.0) = 45.0 kN/m 
P ul =1.5x(34.0+14.0) = 72.0 kN 
P ul = 1.5 x (20.0 + 8.0) = 42.0 kN 

Maximum shear force is at d/2 from the left of the intermediate support. 
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R, 


72x3 + 42x8 + 45x8x4 


: 332 kN 


Q h =332-42-45x2 = 200 kN 



I 



Qu = Qb ~ w u (d/2 + half the column width) 
Q u =200.0- 45.0 x(^~ + 0.25) =H4kN 


<lu 


Q u 174.00 xlO 3 


bxd 250x650 


= 1.07 N /mm 1 



^(m ax) 



3.13 


N tmm 2 <4.0 N /mm 2 


9„ (n rn)= 3 - 13 W /mm2 

q u < <?„(„, ax) the concrete dimensions of the section are adequate for shear. 


<7*, =0.24 



Since q u =q cu , one has to use the minimum stirrups 

According to the ECP 203, = M = _0^L = 0.00167 (not less than 0.0015) 

fy 2^0 

take s =200 mm 


d s , (m h. ) = 0.00167 x 250 x 200 = 84.0 mm 2 (for two branches) 
Area of one branch = 42 mm 2 
Use 5 (|) 8 /m' 


Curtailment Check for bottom straight bars 

At the cut-off locations, ECP 203 requires that the spacing between the stirrups 

(s) should be greater than d/Sj3 where B = -~-^ cut ).. = 2<1) | X . = 0.33 

A,{total) 6<I> 18 


s < 


650 

8x0.333 


= 244 


Additional stirrups is added (<|>8 @200 mm) in a distance of 0.75 d. Thus the 
final spacing is decreased to 100 mm for the distance of 0.75 d. 


Step 3: Reinforcement detailing 

Fig. EX. 6 . 6 b and EX. 6 . 6 c shows the moment of resistance diagram as well as 
the original bending moment diagram for the case of straight and bent-up 
longitudinal bars receptively. The rules mentioned in chapter 5 were followed 
for bar curtailment. 


Complete reinforcement detailing for the beam is shown in Figs EX. 6 . 6 d and 
EX. 6 . 6 e for the case of straight and bent bars, respectively. 








Fig. EX. 6.6b Curtailment of bars for beam B2 (straight bars) 














































Example 6.7 

It is required to design the continuous beam shown in Fig. EX.6.7a. The 
characteristics compressive strength of concrete f cu = 30 N/mm 2 . The yield 
strength of the longitudinal steel f y = 360 N/mm 2 and for the stirrups = 
240N/mm 2 . The applied unfactored dead and live loads on all spans are 40 kN/m 
and 15 kN/m, respectively. These loads can be used for designing the beam for 
bending as well as for shear. Assume also that the spacing between the beams on 
plan is 4.0 m. 



5.00 m 


Fig. Ex 6.7a Continuous beam 

Solution 

Step 1: Flexural Design 

Step 1.1 Calculation of maximum moments 

W u = 1 - 5 ( W D.L+ W L.l) 


w„ =1.5(40 +15) = 82.5/W/m 

Since spans variations in the continuous beam do not exceed 20 %, the bending 
moment and shear forces may be estimated using the coefficients given by the 
Egyptian Code. The critical sections for flexural design are shown in figure 
below. 

Note that the actual span was used to calculate the positive bending and the 
average length was used to calculate the negative bending over the support. 



/ 2 5 2 

Sec. 1 M (+ve) = w x—=82.5x—-=171.9 kN.m 
- " “12 12 

Sec. 2 «.(-*,),«, >121. 82 . 5x MtHM., 249 . 7 m „ 

10 10 

/ 2 6 2 

Sec. 3 M J+ve) = w t x—=82.5x—=185.6 kN.m 
- “ “ 16 16 

Seo4 M„(-v e) = w„x«^Wl= 82.5 x«M±M^)1 = 247.5 ^ 
“ " 12 12 


Step 1.2: Design of critical sections 

Assume beam thickness (t) = Span s600 mm 
10-12 

d = t -cover = 600-50 = 550 mm 
Section No. 1 T-sec 
B e fr = the smallest of: 

16f. +b = 16x120 + 250 = 2170mm 


L 2 , 0.8x5000 

— + b =-+ 250 = 1050mm 


CL. to C.L. between the beams on plan = 4000 mm 
B e fr = 1050 mm 


d=c, 4*. 



550 = C V 


171.88 xlO 6 
30x1050 


C. =7.44 & J=0.826 


The point is outside the Cl -J curve .-.Use—= (—) min '= 0.125 

d d 
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C = 0.125x550 = 68.75mm 


a = 0.80x68.75 = 55 mm < t s =120mm 
a 171. 9xl0 6 

1 f } ,.jd 360x0.826x550 _ 1051 
(4)min = the smaller of: 

0225 , , 0 . 225 ^ 

- 7 - bxd = x 250x550 = 471mm 2 

1.3 A s (required) =1.3xl051=1366mm 2 
(A s )min. = 471 mm 2 < (A s ) required 


Choose A s =5018 


A s(fimcn) = 1212mm 2 


Section 2 Rectangular Section 

b= 250 mm d = 550 mm M u =249.56 kN.m 






550 = C r 


< 249.56 x IQ 6 
I 30x250 


C |=3.0 & J=0.74 


A - M u 249 .6xlQ 6 

S f y .jd 360X0.74X550 _1 990 OTra >A sminimu m 


Choose A s =3cDl 8 + 3 O 20 A s(chosm) = 1704mm 2 


Section 3 Section T-Section f -—'- f 

M u =l85.63 kN.m I 

- |»ia# Miiia _ 

B efr = smallest of: 

16t s + 6 = 16xl20+250 = 2170mm _ 

4 , , 0.7x6000 

-j + b = ---+ 250 = 1090mm 

The factor 0.7 is used because the beam is continuous from both ends. 


B eff =1090 mm 


d = C, 



550 =C, 


185,63 xlQ 6 
30x1090 


.-. C, = 7.3 & J=0.826 


The point is outside the Cl-J curve .-. Use — = (— ) min =0.125 

d d 

C = 0.125x550 = 68.75mm 
a = 0.80x68.75 = 55 mm < ^=120 mm 

„ M u 185.6xl0 6 ,,„ A 2 

A. =——-— =-- = 1135.0 mm 

f r .jd 360 x 0.826 x 550 

Choose A s =3O20 + 2018 -*A s{dlosal) =1451mm 2 (bent bars Fig EX6.7c) 

Choose A s =5<f>18 —*A s(ctosm) = l272mm 2 (straight bars Fig EX 6.7b) 

Section No. 4 Rectangular Section 

b= 250 mm d = 550 mm M u =247.50 kN.m 


550 = C, 


247.50 xlQ 6 
30x250 


Cj = 3.0 & J=0.74 


A. =■ 


M.. 


247.50xl0 6 


f y jd 360x0.74x550 


-=1685mm 2 


Choose A s =3018 + 3020 = 1704 mm 2 





Step 2: Check of shear 


Shear 

factors 


0.60 0.50 


0.500.50 


Maximum Shear force at 1 st span = 0.60 x w u x/, 

= 0.60 x 82.50 x 5.0 = 247.5 KN 
Maximum Shear force at 2 nd span = 0.50 x w u x / 2 

= 0.50 x 82.50 x 6.0 = 247.5 KN 

For the case of uniform load, the critical section is located at d/2 from the support 

Q u = 247.5 - 82.5(0.55 / 2 + 0.25) = 204.2 KN 

Q u 204.2 xlO 3 , 

q u = -—7 = ————— = 1.49 N/mm 
bxd 250x550 


=0-2y— = 3.13 N/mm 2 <4.0 N/mm 2 
<7,,(max) = 3.13/7 /mm 1 

Qu - Qu(nm) the concrete dimensions of the section are adequate for shear. 

q =0.24 pL = 0.24. — = 1.07 N/mm 1 
\r c V 1.5 

Qu > Qcu web reinforcement is required 
q su = q„ -0.5q m = 1.49 -0.50 x 1.07 = 0.955 N! mm 1 

_ ASt _ Qsu 


hs fy / 7 s 

2x4 _ 0.955 
250xi 240/1.15 


A s =0.572 S 


For (j) = 10 mm A s =78.5 mm 2 s=137 mm 
Using (j) 10 @ 125 mm 
Check for minimum stirrups 

4(^.1 =A min 2’-s =0.00167x250x125 = 52.0 mm 2 < 78.50 mm 2 ....ok. 

Step 3: Reinforcement detailing 

Complete reinforcement detailing for the beam is shown in Figs. EX. 6.7.b and 
EX. 6.7.c for the case of straight and bent bars, receptively. 











Reinforcement 


Example 6.8 

It is required to design the continuous beam shown in Fig, EX. 6.8a. The beam 
is arranged every 3.25 m on plan. The characteristics compressive strength of 
concrete f cu = 30 N/mm 2 . The yield strength of the longitudinal steel f y = 360 
N/mm 2 and for the stirrups = 360 N/mm 2 . The applied unfactored dead and live 
loads are also shown in Fig. EX. 6.8a. 


i i i 

i i i 



P, , = 20 kN 

< L - L > D.L.=40 kN/m, L.L. = 15.0 kN/m 

Mill 111 I I I I I II M IT T-TTTIj 1 mu 

Avsh, £////>, w/yy />i 


2.50 m 

3.50 m 

3.50 m 

2.50 m 






Fig. Ex. 6.8a 

Solution 

Step 1: Flexural design 

Step 1.1: Calculation of maximum moments 

In order to get the design bending moments and shear forces, one has to consider 
the cases of loading that give the maximum straining actions. 

Case 1 : maximum positive moment at the central span 

In order to get the maximum positive bending moment at the central span, one 
has to use the following loads: 

Uniform load at central span -\AD.L.+l.6L.L. 

= 1.4x40+1.6x15=80 kN/m 
Concentrated load at central span =1.4 D.L.+1.6L.L 

= 1.4x60+1.6x20=116 kN/m 
Uniform load at end spans = 0.9 D.L.= 0.9x40 = 36 kN/m 
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The beam is twice indeterminate, however, because of symmetry only one 
unknown needs to be determined. 

M b =M c 

Applying three moment equation at b 


0 + 2(2.54-7) A/,,+7 M h = -6 ~ ^ + —■ + >* 

1 24 24 16 


., f 36x2.5 3 80 x 7 3 116 x 7 2 

26 M, = -6 -+-+- 

( 24 24 16 

M b =351.23 kN.m 


w hc xL 2 ^ PxL \ M _ f 80x7 2 ^ 116x7 


-351.23 = 341.76 kN.m 


The loading and the corresponding bending moment diagram are shown in the 
following figure. 


P= 116kN 


36 kN/m 


80 kN/m 


36 kN/m 



Case 2: Maximum negative moment at the support 

In order to get the maximum negative bending moment at the support, one has to 
use the following loads: 

Uniform load at central span and one end span =\AD.L+\.6L.L. 

=1.4x40+1.6x15=80 kN/m 

Uniform load at other end spans = 0.9 D.L.= 0.9x40 = 36 kN/m 
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P= 116 kN 



The calculations are carried out using a computer program. The loading and the 
corresponding bending moment diagram are shown in the following figure. 

M h = -344.8 kN m M c = -358.7 kN m 


Another way for solving the indeterminate beam is to use the 3 moments 
equation twice (which gives very close solution) 

I 


Applying three moment equation 
0+ 2(2.5+ 7) A/„ +7A/ e =-6(———- 


atb: 

80 x7 3 

- _]- 

24 


+ 


116x7 2 
16 


19 M. +7A/„ =-9132.12.. 


..(1) 


Applying three moment equation at c: 

A T/oc - 7 W n*, , ,80x2.5 3 80x7 3 116x7 2 , 

0 + 2(2.5 + 1)M c + 7A/y, — —6(—^ f-1-) 


24 


24 


16 


19A/ +7A/„ =-9304. 


..( 2 ) 


Solving eqs. (1,2) gives M b and M c 


M 


midspan 


80 x7 2 116x7 

- 1 - 

8 4 


344.8 + 358.7 


= 341.3 kN .m 


Note : Case 2 will also be used to get the maximum design shear forces at the 
internal supports. 


















Step 1.2: Design of critical sections 

The critical sections are shown in the figure below 



Section No. 1 T-section 

B eff = smallest of: 

• 16t, +6 = 16x120 +250 = 2170mm 

« + 6 = °~ 7 X 7000 + 250 = 1230 mm 

5 5 

•C.L to C.L. between beams = 3250 mm 
B e ff = 1230 mm 



Assume beam thickness(t) = ——-=700 mm 

10-12 

d =t -cover = 700- 50 = 650 mm 



650 = C, 


341.76xl0 6 

30x1230 


C, = 6.75 & J=0.826 


The point is outside the C r J curve .-. — < (—) min 

d d 

C = 0.125x650 = 81.25 mm 
a = 0.80x81.25 = 65mm < t;=T20mm 

341.76x10- =1?68mm2 

! f y .jd 360x0.826x650 

(4 v ) mi „ = the smaller of: 


0.225 Jf2 , , 0.225^30 „ A 2 

--- xbxd =-x 250x650 = 556 mm 2 

/, 360 

1.3 A s (required) = 1.3x1768 = 2300m« 2 


(A s )n,in.= 556 mm 2 
Choose A s =6O20 


^s(chosen) 


=1885 mm 
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Section No. 2 Rectangular section 

b= 250 mm 
d = 650 mm 

M u =351.23 kN.m Case 1 
M u =358.7 kN.m Case 2 
Use M u =358.7 kN.m from case 2 




-+ 7 + 


650 = C,. 


358.7xl0 6 

30x250 


.-.C, =2.97 & J=0.74 


358.7x10 


f y .jd 360x0.74x650' 


= 2071mm 2 


Choose A s = 3022 + 3020 


A s(chosen) =2082 mm 2 


Section No. 3 

Section No. 3 is subjected to negative moment less than that of sec. 2. Thus, all the 
negative reinforcement over section 2 will continue over section 3. Moreover, the code 
also requires for each exterior panel to carry a positive bending equals to wL 2 /16. 

,, 80x2.5 2 „ iAr ,„ r 

M =— -=-= 31.25 kN.m 

" 16 16 

L 2 0.8x2500 sen 

B =~+b =-1- 250 = 650mm 

5 5 


Cl=15.6 


>J=0.826 


„ M„ 31.25xl0 6 2 

A, =-— =-= 161mm 

1 / J d 360x0.826x650 


f 0.225V30 


250x650 = 556 mm 2 


A s min = smaller of • 


= 210mm 2 


1.3x161 =210 mm 2 


But not less than A, = ~~ 250 x 650 = 244 mm 2 
1 100 


A smin 244 + A s * USe Asjnin 


(3012) 
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Step 1.3: Calculation of development length 

a -P-V-{~) 


f bu = 0.30 = 0.30 = 1.34 N/mm 2 

ir c V1.5 


"H bottom 1 '0 


T]top = l'3 


For bars in tension:- 


a= 1.0 (Straight Bars) and (3=0.75 (deformed bars) 


. .1.0x0.75xl.0x(360/1.15) 1 , 

L ^o«o m) ={ - 4xl34 - )4 = 44^ 


1.0x0,75xl.3x(360/1.15) 

{ 4x1.34 ^ ^ 


For bars in compression:- 

a= 1.0 (Straight Bars) and (3=0.50 (deformed bars) 

, f i.0x0.50xi.0x(360/i.i5), , 

= {- T~TT A - L )4 = 29 ^ 

4x1.34 


. f 1.0x0.50xl.3x(360/1.15), , 


Or we can directly use the coefficients from Table (5.3) with f c u=3Q N/mm 2 
For Tension: L d(bottom) =50®, L d(t0p) =65O 

For Compression: L d(bottO m) = 40®, L d{t0p) =52O 


no 


Step 2: Check of shear 

The loading and shear force diagram (obtained from the computer program) for 
case 2 is shown below 


36 kN/m 


P = 116 kN i 


80 kN/m 


RS 





243.5 kN , 


For the case of uniform load, the critical section is located at d/2 from the support 

Q u =Q C -w u (d 12 +half column width) 

Q u = 340 - 80 x (0.65/2 + 0.50/2) = 294 kN 

Q u 294xl0 3 2 

q„= -=-= 1. SlNImm 

bxd 250x650 


9 =0.7 p*-=0.7. —=3.13 N /mm 1 <4.0N/mm 2 


9 u(m «)= 3 -13/V /mm 2 

q u < q u{nm) the concrete dimensions of the section are adequate for shear. 


q a = 0.24 = 0.24 = 1.07 N I mm 2 


q u > Qcu web reinforcement is required 
QsU ~ Qu ~ ®‘5 QcU 


o... = 1.81-0.50x1,07 = 1.275 Af/ mm 2 


07Q 











_ Asi _ Qsu 
b-S fy / Ys 

2 xA s _ 1,275 
250x5 ~ 360/1.15 

For <J> = 10 mm A s =78.5 mm 2 s=154 mm 
Using 7 ® 10/m (s=142 mm ...o.k) 

Check for minimum stirrups 

Mmm ="=^--= 0.0011 (not less than 0.0010 for high grade steel) 

4/tnin.) = Mmh,* bxs 

=0.0011x250x142 = 39.7 mm 2 < (2x 78.5 mm 2 ) o.k 

Step 3: Reinforcement detailing 

Complete reinforcement detailing for the beam is shown in Figs. EX. 6.8b and 
EX 6.8c for the case of straight and bent bars, respectively. 


3022 + 3020 ! “-4 3012 -4 I 3022 + 3020 














3022+ 3020' 3#12 3022 + 3020 



Example 6.9 

It is required to design the continuous beam with unequal spans shown in Fig. 
EX. 6.9a. The beam is arranged every 2.75 m on plan. The characteristics 
compressive strength of concrete = 30 N/mm 2 . The yield strength of the 
longitudinal steel f y = 360 N/mm 2 and for the stirrups = 360 N/mm 2 . The applied 
unfactored dead and live loads are shown in Fig. EX. 6.9a. These loads can be 
used for designing the beam for bending as well as for shear. 



D.L.= 50 kN/fn', L.L =15 kN/m' 


- z 

6.00 m 

2.50 m ! 

6.00 m 





Fig. EX. 6.9a 


Solution 

Step 1: Flexural design 

Step 1.1: Calculation of maximum moments 

= 1.4£>L + 1.6LL = 1.4x50 + 1.6xl5 = 94£/V/m' 

The absolute bending moment diagram (the envelope of the bending moment) 
that is obtained from two cases of loading is obtained using a computer program. 
The results are shown below. 


306.6 kN.m 





















Step 1.2: Design of critical sections 

The critical sections are shown below 


|K«I 


mat 


For Section 1-1 M u (+ve) = 30 IkN.m 
For Section 2-2 M., (-ve) = 306.6 kN.m 

Section No. 1 T-section 

B e fr = smallest of: 

• 16^ + b = 16 x 120 + 250 = 2170 mm 
L 2 , 0.8x6000 

5 5 

•C.L. to C.L. between beams = 2750 mm 
B efT =1210 mm 4-- 



span 

Assume beam thickness (t) = —- =600 i 

10-12 

d =t -cover = 600-50 = 550 mm 



550 = Cj. 


301xl0 6 

30x1210 


.-. C, = 6.04 & J=0.826 




The point is outside the Q-J curve .-. — < (—) min Use — = (—) mjn =0.125 

d d d d 

c = 0.125 x 550 = 68.75 mm 


a = 0.80 x 68.75 = 55 mm < ^=120 mm 

, M u 301xl0 6 2 

A =- - — =-= 1841mm 

f y .jd 360x0.826x550 


284 


MUmin = the smaller of: 


0 . 225^7 0 . 225^0 2M ,, g0 

/, 360 

1.3 A s (required) =1.3x1841=2393 mm 2 


(Tts)mm 471 mm 4 (As) re quired 


Choose A,=3<b22+3018 


'-s(chosen) 


=1902 mm 2 


Section No. 2 Rectangular section 

M u (~ve) = 306.6 b= 250 mm 


d = 550 mm 




550 = C,. 


306.6 xlO 6 
30x250 


. C,= 2.72 and J= 0.71 


„ M. 306.6 xlO 6 2 

A = -— =-= 2181 mm 

f y .jd 360x0.71x550 


Choose A s =6d>22 

Section No. 3 


*-s(chosen) 


=2281 mm 2 


Section No. 3 is subjected to negative moment less than that of sec. 2. Thus, all the 
negative reinforcement over section 2 will continue over section 3. Moreover, the code 
also requires for each interior panel to carry a positive bending equals to wL 2 /24. 

,, w,£ 2 94 x 2.5 2 

= —-=-= 24.5 kN.m 

24 24 

D L 2 , 0.7x2500 .. A A 

B = —+Z> =-h 250 = 600 mm 

5 5 

Cl=14.9 —>J=0.826 

2 M, 24.5 xlO 6 ,„ A „ 2 

A = —-=-= 149.8 mm 

f y .jd 360x0.826x550 


f0.225-730 


250x550 = 470.7 mm 2 


A s mi „ = smaller of ■ 


= 194.8 mm 


1.3x161 = 194.8 i 
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But not less than A. = ——250x550 = 206 mm 2 
s 100 


A smin =206 > A s —> use A, 


( 2012 ) 


Step 1.3: Calculation of the Development Length 

a.pM—) 


f bu = 0.30 Isl = 0.30 M = 1.34 Nlmm 2 
\/c V 1.5 


T) bottom 1 -0 


htop L3 


For bars in tension:- 

a= 1.0 (Straight Bars) and (3=0.75 (deformed bars) 


, 1.0x 0,75 x 1,Ox (360/1.15) 
' 4x1.34 


).</> = 44^ 


. 1.0x0.75xl.3x(360/1.15). , 

For bars in compression:- 

a=1.0 (Straight Bars) and p=0.50 (deformed bars) 

r . 1.0x0.50xl.0x(360/1.15) 1 , „„ , 

) = t-= 29«* 


, ,1.0x0.50xl.3x(360/1.15). , , 

V,, = (-- L )4 = 38^ 


i directly use the coefficients from Table (5.3) with f cu = 30 N/mm 2 
on. Ld(bottom) - 500, L<i([Qp)=650 

L d(t0p) =52O 


L'd(bottom) 400, 


Step 2: Shear design 

The shear force diagram is shown in the following figure 


333 kN 


mmm 

■B 

llWBiW 

Ig 

{SHHI 

IP 


238 kN critical section 


For the case of uniform load, the critical section at d/2 from the support. 
Q u = Q,, -w u (d / 2 + half column width) 


Q u = 333 - 94 x (0.55 / 2 + 0.50 / 2) = 283.65 kN 
Q u 283.65 xlO 3 




bd 250x550 


■ = 2.06 N / mm 


9u(max) ~ 0.7 


= 0.7 


3.13 N /mm 2 < 4.0 N /mm 2 —>►—*<7„ (max) = 3.13A r /mm 2 


q u < <7„ (max) the concrete dimensions of the section are adequate for shear. 



q u > q cu we b reinforcement is required 

q m =q u -0.5 q cu =2.06-0.50x1.07 = 1.53 KN /m z 

_ 2 xA s J 1,53 
250xs ~ 360/1.15 

For <j) = 10 mm A s =78.5 mm 2 

s=128mm —>Using O 10 @ 125 mm (8 <1> 10 /m') 

Check for minimum stirrups 

Amin = —=-^-= 0.00111 (not less than 0.0010) 
f y 360 

A s , { mi „) =/t min Ai = 0.00111x250x125 =34.7 mm 2 <(2x78.5 ...ok.) 

Step 3: Reinforcement detailing 

Complete reinforcement detailing for the beam is shown in Figs. EX. 6.9b and 
EX. 6.9c for the case of straight and bent bars, respectively. 
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TRUSS MODEL FOR BEAMS FAILING 
IN SHEAR 



Photo 7.1 Burj A1 Arab, Dubai. 


7.1 Introduction 

In the previous chapters of this book, the design for bending and the design for shear 
have been treated independently. Shear-flexure interaction in slender R/C beams can 
be expressed in terms of a mathematical-mechanical model. The best model for 
slender beams with web reinforcement is the Truss Model. It provides an excellent 
conceptual model to show the forces that exist in cracked R/C beams. 
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Many international design codes for reinforced concrete structures have used the 
truss model as the basis for design procedures for shear and flexure. The 
Egyptian Code for Design and Construction of Concrete Structures does not 
explicitly mention the truss model as a design tool. However, it includes 
provisions that satisfy its requirements. The information presented in this 
chapter is adequate for a practicing engineer to understand and to apply the truss 
model. Researchers, however, could find more details in scientific papers related 
to the subject. 

Chapter (7) makes frequent reference to the information presented in the 
previous chapters of this book and assumes that the reader is familiar to what 
have been presented. 

7.2 Background 

The objective of this section is to provide some basic concepts before 
introducing the reader to the truss model. 

7.2.1 Slender Beams Versus Deep Beams 

Figure (7.1a) shows a cracked reinforced concrete beam. The initial stage of 
cracking generally results in vertical flexural cracking. Increasing the external 
loads results in formation of diagonal cracks. 



b: Portion of the beam between two cracks 
Fig. 7.1 Equilibrium of a segment of a cracked beam 


om 


Referring to Fig. (7.1b), the equilibrium of a section between two diagonal 
cracks leads to the following equation: 

dM=Qdx ...:..(7.1a) 


dM _Q dx 
jd jd 


(7.1b) 


in which (dT) is the gradient of the tension force in the longitudinal steel, Q is 
the shear force and jd is the lever arm. 


Hence, the relationship between the shear force and the tension force in the steel 
reinforcement can be written as: 


S=-j- (T jd) .(7.2) 

dx 

which can be expanded as: 

Q= jW jd + 4jd) T .(7.3) 

dx dx 


Two extreme cases can be identified; 

1- If the lever arm jd, remains constant as assumed in the classical beam 
theory, then: 


^M)=0 and 

dx 



where d(T)/dx is the shear flow across any horizontal plane between the 
reinforcement and the compression zone as shown in Fig. (7.1). The above 
equation indicates that shear transfer is accompanied by a change in the tension 
force in the steel reinforcement and a constant lever arm. This is called a shear 
transfer by “beam action". 



The other extreme case occurs if the shear flow, d(T)/dx (which is equal 
to the change in the tension force in the steel reinforcement), equals zero, 
giving: 


^-=0 and 

dx 


e-r!M 

dx 
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This occurs if the shear flow cannot be transmitted due to change in the force in 
the steel reinforcement. In such a case, the shear is transmitted by “arch action ” 
rather than by beam action. 

Figure (7.2) shows the flow of internal forces in a relatively deep beam. In this 
member, the compression force, C, in the inclined strut and the tension force, T, 
are constant. The longitudinal reinforcement provides the tie to the arch. 

It should be noted that arch action is not a shear mechanism in the sense that it 
does not transmit a tangential force to a nearly parallel plane. However, arch 
action permits the transfer of the applied load directly to the supports and 
reduces the contribution of the other types of shear transfer. 



Fig. 7.2 Arch action in deep beams 

The behavior of beams failing in shear varies widely depending on the relative 
contribution of beam action and arch action. In shallow (slender) beams, shear is 
transmitted by beam action. In deep beams, arch action dominates the behavior. 

7.2.2 Analysis of Forces in R/C Slender Beams 

The external loads acting on a cylinder reinforced concrete beam are resisted 
through a system of internal forces. There are two approaches to obtain the 
internal forces in slender beams. The first approach is to investigate the 
equilibrium of a free body of the beam (also called sectional analysis). The 
second approach is to analyze the beam using a conceptual model that represents 
the flow of forces (for example the truss model). 
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7.2.2.1 Sectional Analysis 

The design of reinforced concrete beams can be based on analyzing the critical 
section for bending and the critical section for shear independently. Some 
additional precautions could be taken to account for the effect of their 
interaction. Consider, for example, the beam shown in Fig. 7.3a. Applying the 
flexural theory of reinforced concrete presented in Chapter (2), results in 
designing the critical section for bending (Section 1-1 in Fig. 7.3b). On the other 
hand, analysis of the forces transferring shear across the inclined crack, as 
presented in Chapter (4), results in design equations for shear (Fig. 7.3c). 



a: Loaded beam 



c: Shear analysis b: Flexural analysis 


Fig. 7.3 Sectional analysis of R/C beams 
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7 . 2 . 2.2 Mechanical - Mathematical Models 

Researchers have developed a number of models to express the behavior 
of slender reinforced concrete beams after cracking. Among the best of 
them is the Truss Model, which provides an excellent conceptual model 
to show the forces existing in a cracked concrete beam. A combination 
of the sectional analysis and the truss model has led to the recent 
developments in the national and international codes for design of R/C 
structures. 
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Photo 7.2 Nile City Tower during construction, Cairo, Egypt. 


7.3 Truss Model for Slender Beams 

As shown in Fig. 7.4, a beam with inclined cracks develops compressive and 
tensile forces, C and T, in its top and bottom parts “chords”, vertical tension in 
stirrups “vertical member” and inclined compressive forces in the concrete 
“diagonals” between the inclined cracks. This highly indeterminate system of 
forces is replaced by an analogous truss. 




Components of the Truss Model 

- Compression Chord -► Concrete in the compression zone 

- Tension Chord -► Steel in the tension zone 

- Vertical tension members -► Stirrups 

- Diagonals -Concrete in diagonal compression 


Fig. 7.4 Truss analogy for beams falling in shear 
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7.4 Traditional 45-Degree Truss Model 
7.4.1 Formation of the 45-Degree Truss 

Figure 7.5 shows a truss model for a simple beam in which the directions of the 
diagonal compression stresses are assumed to remain at 45 degrees. This truss 
that models a cracked reinforced concrete beam can be formed by: 

• Lumping all of the stirrups cut by section A-A into one vertical 
member. 

• Lumping the diagonal concrete members cut by section B-B into one 
diagonal member with an angle of inclination of 45° with respect to the 
beam axis. This diagonal member is stressed in compression to resist the 
shear on section B-B. 

• Considering the longitudinal tension reinforcement as the bottom chord 
of the truss. 

• Considering the flexural compression zone of the beam acts as the top 
chord. 



Fig. 7.5 45-Degree Truss Model 


7.4.2 Evaluation of the Forces in the Stirrups 

Each vertical member represents a number of n stirrups. Hence, the area of a 
vertical member is given by: 


area of a vertical member = n A sl = - — A sl 


(7.4) 


in which jd is the lever arm, s is the spacing between stirrups and A s , is the area 
of all the branches of one stirrup. 

From the free body diagram shown in Fig. 7.6, the shear force is equal to the 
tension force carried by the stirrups and can be calculated as: 


.(7.5) 

s 

Note: Equation (7.5) is equivalent to equation (4.17) derived from sectional 
analysis with d is replaced by jd. 



Fig. 7.6 Calculation of forces in stirrups 

It should be mentioned that the previously described Truss-Model ignores the 
concrete contribution to the shear strength of the beam (q cu )- This simplification 
will be discussed briefly in a later section. 
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7.4.3 The Compression Force in the Diagonals 

The free body shown in Fig. 7.7 is a cut by a vertical section B-B. The shear 
force at section B-B, Q, must be resisted by the vertical component of an 
inclined compressive force D in the diagonals. 



strength of concrete, f ce , no matter how much web reinforcement is provided, 
i.e., 

Q < 0.5f ce b j d .(7.10) 


Q = A “- J d - s 0.5 fjb jd .(7.11) 

s 

From Eq. (7.9), the compressive stress in the diagonals is given by 


/„,= 


0.5 b jd 


(7.12) 


The web of the beam will crush if the inclined compressive stress /„,, exceeds 
the crushing strength of concrete in the compression diagonals, f ce . In other- 
wards, the compressive stresses in the web of the beam should satisfy: 


f, < f 

J cd J ce 


(7.13) 


Fig. 7.7 Calculation of the diagonal compression force 

Equilibrium of forces at section B-B gives: 

Q=D sin 45° ...(7.6) 

The width of diagonal member is b and its thickness is (jd cos 45°). Hence, the 
total compression force resisted by the diagonal member is equal to the average 
compression stress in the diagonal direction, f cd , multiplied by the area of the 
diagonal member. Hence, the diagonal force D can expressed as: 


D=f al b{jd co s45°).(7.7) 

Substituting equation (7.7) into equation (7.6) results in: 

Q=fai b (jd cos45°) sin45°...(7.8) 

Q = 0S&b jd .(7.9) 


Equation 7.9 indicates that the shear strength of a concrete beam reaches its 
maximum value when the compressive stress in the web reaches the crushing 


The compressive strength of concrete in the web is called the "effective strength 
of concrete” and it tends to be less than the cube or the cylinder strength of 
concrete. This is attributed to the fact that concrete in the web is cracked as 
shown in Fig. 7.8. 



Fig. 7.8 Effective compressive strength of concrete 
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The effective concrete strength is frequently expressed as: 

fee = A jo.67^-j.(7.14) 

where A is efficiency factor that takes into account the effect of cracking on the 
effective compressive strength of the concrete in the strut. 

For a strut in normal weight R/C beams that are not subjected to an axial tension 
force, the value of p s can be reasonably taken equal to 0.6. 

If Eq. 7.13 is not satisfied, then crushing of concrete in the compression 
diagonals would occur (shear-compression failure). 

Note: Equation 7.8 can be written in the form: 

Q _ faibjjd cos45°)sin45° 
bjd b jd 

The above equation can be further simplified as: 

q=f al sin 45° cos 45° =0.5 f cd 

Hence, it can be seen that there is a direct relation between the compressive 
s esses eve oped in the diagonal struts, f cd , and the applied shear stress, q. 
Accordingly, in order to prevent crushing of the concrete in the compression 
struts, one has two options: 

1 ’ com P ressi °n stresses developed in the web, f cd , to be less than 

the effective compressive strength of concrete f ce . 

2. Limit the applied shear stress, q, to be less than the maximum ultimate 
shear stress, q umax . 
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7.4.4 The Axial (Longitudinal) Force Due to Shear 

Figure 7.8 re-examines the equilibrium of a free body of the beam resulted from 
a vertical cut R-R 


C = MI jd 



T = M / jd 



Fig. 7.8 Additional longitudinal force due to shear 


As mentioned in Section 7.4.3, the shear force Q at Sec. B-B is resisted by the 
vertical component of the diagonal compression force D. Force equilibrium 
indicates that a horizontal tension force N q must be developed at Sec. B-B. This 
force is equal to: 


N = - ^ ■ 
' tan 45° 


(7.15a) 


ff,=Q ...(7.15b) 


Since the shear is assumed uniformly distributed over the depth of the 
beam, N q acts at mid-depth and N q /2 will act on both the top and the bottom 
chords of the truss. These forces will be added to the compression force, C, and 
the tension force, T, caused by flexure, C = T = M / jd. Hence, the forces in the 
top and bottom chords of the truss at Sec. B-B are as follows: 

Compression force in the truss member at Section B-B = -C + N q /2 
Tension force in the truss member at Section B-B = T + N q /2 

In other wards, the force in the compression chord of the truss will be less than 
that caused due to the bending moment and the force in the tension chord of the 
truss will be more that caused due to the bending moment. 
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7.4.5 Comments on the 45-Degree Truss-Model 

1- The 45-degree truss model neglects the shear components Q^Q ay and Q d 

shown in Fig. (4.4) in Chapter (4). Thus truss models in general, do not 
assign any shear “to the concrete” and predict that beams without shear 
reinforcement have zero shear strength. 

2- Similar to any conceptual model, there are some simplifications in the truss 
model The assumption of 45° angle of inclination of the diagonal cracks 
a ong the span is, of course, not correct. However, it gives conservative 
results in most cases. 

7.4.6 Comparison of the Truss Model and ECP 203 

1. The ECP 203 uses the truss model Eq. 7.5 to design the stirrups. 
However, to account for the fact that concrete contributes to the shear 
strength of the beam, ECP 203 assigns part of the design shear force to 
be resisted by concrete. 

2. The truss model presents Eq. 7.12, that is resulted from the analysis of 
the forces earned by the diagonals. It indicates that the web of the beam 
will crush if the inclined compressive stress exceeds the effective 
compressive strength of concrete. Instead of limiting the compressive 
stresses in the web, the ECP 203 avoids crushing failure of the web 
through limiting the shear stresses in the web to an upper limit value 

(^i/ — 4i/max)* 

3. The truss model indicates that there is an additional longitudinal 
tension force due to shear. This tension force should be added to the 
tension force resulted from the bending moment when calculating the 
required longitudinal steel. This fact is partially taken into consideration 
in the ECP 203 through using the shifted bending moment diagram in 
detailing the longitudinal reinforcement. 


Example 7.1 

A simply supported beam of rectangular cross section carries a factored load of 

100 kN/m. The distance between the center-lines of the supporting columns is 

8.0 m and the width of the support is 0.8 m. The beam is shown below. 

Data 

6 = 250 mm 

t = 1000 mm 

f cu -25 NI mm 2 

f y = 240 N/mm 2 (stirrups), f y = 360 N / mm 7 (longitudinal steel). 

1- Based on reasonable assumptions, draw a possible 45-degree truss that 
would model the flexure-shear behavior of the beam. 

2- Draw the stirrups force diagram. 

3- Choose the distribution of stirrups that would result in simultaneous 
yielding of all vertical members. 

4- Draw the tension force diagram obtained from the ordinary flexure theory. 
On the same drawing, plot the tension force diagram obtained from truss 
analysis. 

5- Is there a possibility of web crushing of this beam (Assume that p s =0.6). 



303 


304 




Solution 

Step 1: Forming the truss model 

The development of the 45-degree truss model is shown in Fig. EX 7.1b. The 
value jd can be reasonably assumed equal to about 0.9d, where d is the effective 
depth of the beam. Hence, yd s 0.8 r=0.8 m . In order to form a 45° truss, one has 
to lump the stirrups every 0.80 m in one vertical member. Hence, the 
concentrated load at each joint (P) equals to: 

P=wx0.8 = 100x0.8 = 80 kN 

It can be seen that the angle of inclination of all the diagonal compression 
members located in the clear span of the beam is 45°. The diagonal member 
located inside the column transmits the vertical joint load directly to the column 
support. In spite of the fact that its inclination is not 45°, the truss is referred to 
as a 45° truss since the inclination of the effective diagonals in the clear span of 
the beam is 45°. 

Step 2: Drawing the stirrups force diagram 

Forces in the vertical members (stirrups) 

q — 2121^ = 10 0 x 4 = 400 kN 

2 . 

Sy =Q-P = 400-80 = 320 kN 

S 2 =Q-2xP = 400 - 2 x 80 = 240 kN 

■Sj =Q-3xP = 400-3x80 = 160 kN 

S 4 = Q-4xP = 400-4x80 = 80 kN 

The diagram that shows the variation of the forces in the vertical members (and 
hence the variation of the forces in the stirrups) is presented in Fig. EX. 7.1c. In 
this diagram, the force in each vertical member is drawn as a constant number in 
the tributary length of each vertical member. 
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320 


240 


160 


80 kN 


c) Variation of force in stirrups (kN) 



Fig. EX. 7.1 Development of the truss model for design 
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Step 3: Distribution of the stirrups 

The choice of the stirrups that would result in yielding of all vertical members 
means that one should satisfy the following equation: 

_ A „(f y / r,)jd A„ x240/1.15x800 


Member 

Force (Si), kN 

Diameter(mm) 

As, (mm 2 ) 

S required (mm) 

S chosen (mm) 

s. 

320 

10 

157 

82 

80 

S 2 

240 

10 

157 

109 

105 

S 3 

160 

10 

157 

164 

160 

S 4 

80 

8 

100 

208 

200 


Step 4: The tension force diagram 
Step 4.1: According to the flexural theory 

The bending moment at any point of the beam equals 
M, = 2'*-—y— = 400 x-50 x 1 

The tension force in the longitudinal steel can be calculated from the flexural 
theory as follows: 

M, _ M : 

' ~ jd~ 0.8 

The calculations are carried out in the following table 


x(m) 

0.8 

1.6 

2.4 

3.2 

4 

M-, (kN.m) 

288 

512 

672 

768 

800 

Ti (kN) 

360 

640 

840 

960 

1000 


Step 4.2: According to the truss model 

The tension force according to the truss model can be obtained through one of 
the following two options: 

• Option 1: Analyzing the forces at the bottom chord of the 45- degree 

truss. 

• Option 2: Adding the value of the tension force due to shear to that due 

to the bending moment. 
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Option 1 

The calculations are carried out by using the method of sections to determine the 
forces in the bottom chord. 

For example, the forces F 4 is calculated as follows 
Taking the moment about point (a) gives 

F 4 (0.8) = 400x 3.6 - 80 x (0.8 + 1.6 + 2.4 + 3.2) 

F 4 =1000 kN 

Similarly, the rest of the forces in the other members can be obtained as follows: 


F 3 (0.8) = 400 x 2.8 - 80 x (0.8 + 1.6 + 2.4) .. .F 3 =920 kN 

F 2 (0.8) = 400 x 2.0 - 80 x (0.8 + 1.6).F 2 =760 kN 

F, ( 0 . 8 ) = 400x 1 .2 - 80 x (0.8) . Fi=520 kN 

F(0.8) = 400x0.4 .... F=200kN 

Option 2 


The axial force developed due to shear at a certain section equals to half the 
value of the shear force at that section as shown in section 7.4.4. The axial force 
is calculated at the middle of each member of the bottom chord as follows: 


x(m) 

0.8 

1.6 

2.4 

3.2 

Shear force ( Q ,) 

320 

240 

160 

80 

Longitudinal axial 

force (N q j/2) 

160 

120 

80 

40 


The value in the tension chord is determined as the sum of the tension obtained 
from the bending theory and the axial force due to shear 

F ( =T + N, ( /2 
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The variations of the tension force according to the bending theory and to the 
truss model are shown in Fig. EX. 7.Id. It can be seen that at mid span, where 
the shear force is equal to zero, the tension force obtained from the bending 
theory is equal to that obtained from the truss analysis. 

Step 5: Check web crushing 

To check the possibility of web crushing, one should compare the maximum 
stresses in the web to the effective concrete strength. The compression force (D,) 
in each diagonal member can be obtained through the analysis of the members 
in the truss. Alternatively, it can be obtained using the following equation: 

D, = . Q— 

sin 45 

where Q t is the shear force at the center of the panel (or the center of the 
diagonal). 


member 

(Qi), kN 

Dj,kN 

D, 

320 

452.5 

d 2 

240 

339.4 

d 3 

160 

226.3 

d 4 

80 

113.1 


The maximum compression force equals to 452.5 kN 


D=f cd b (jd cos45°) 

452.5xl000=/ a/ x250x(800 cos45°) 
f al = 3.2N/mm 1 


L = Ps 


0.67 


L, 

r<) 


= 0.6x0.67x—= 6.7 N/mm 2 
1.5 


Since f cd < /„, the beam is considered safe against web crushing. 


Note: As shown in Fig. EX. 7.1, the truss analogy predicts that in order to resist 
shear, beams needs both stirrups and longitudinal reinforcement. This is an 
important behavioral aspect that can not be noticed using ordinary flexural 
theory. 


Example 7.2 

The figure shown below is for a cantilever beam of a rectangular cross section 

that carries two concentrated loads. 

Data 

b = 300 mm 

t= 1100 mm 

fa, = 30 N/mm 2 

f y = 250 N / mm 2 (stirrups), f y = 360 Nlmm 2 (longitudinal steel). 

It is required to: 

1- Propose a possible 45°-Truss that would model the flexure-shear behavior of 
the beam. 

2- Draw the stirrups force diagram. 

3- Choose the distribution of stirrups that would result in simultaneous 
yielding of all vertical members. 

.4- Draw the tension force diagram obtained from the ordinary flexure theory. 
On the same drawing, plot the tension force diagram obtained from truss 
analysis. 

5- Is there a possibility of web crushing of this beam (Assume A =0.6). 
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Solution 

Step 1: Forming the truss model 

One of the possible truss models that represent the flexure-shear interaction of 
the beam is shown in Fig. EX. 7.2. The value jd can be reasonably assumed 
equal to about 0.9d, where d is the effective depth of the beam. Hence, 
jd =0.8t=0.8x1.1 =0.9m. 

The development of the 45-degree truss model is shown in the Fig. EX 7.2b. It 
can be seen that the angle of inclination of all the diagonal compression 
members located in the clear span of the beam is 45°. The diagonal member 
located inside the column transmits the vertical joint load directly to the column 
support. 

Step 2: Drawing the stirrups force diagram 

Forces in the vertical members (stirrups) 


2 = 150 + 150 = 300 kN 


M = 150x6.3 + 150x3.6 = 1485 kN 


S, =S 2 — S ^ =300 kN 


S 4 = S 5 = S 6 = 150 kN 


Step 3: Distribution of the stirrups 

The diagram that shows variation of the force in the vertical members (and 
hence the variation of the force in stirrups) is presented in Fig. EX. 7.2.c. In this 
diagram, the force in each vertical member is drawn as a constant number in the 
tributary length of each vertical member. The choice of the stirrups that would 
result in yielding of all vertical members means that one should satisfy the 
following equation: 

Assume that the stirrups diameter is 10 mm, A st ~ 157 mm 2 (for two branches) 
,_A s ,{fyly s )jd 157x250/1.15x900 
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a) Cantilever beam subjected to concentrated loads 



300 KN 

b) Truss model for design 



c) Variation of force in stirrups (kN) 



Fig. EX. 7.2 Development of the truss model for design 






members 

Force (Si), kN 

S required(^rn) 

S chosen(mm) 

s,s 2 > s 3 

300 

102 

100 (10(() 10/m') 

S 4 ,S 5 ,S 6 

150 

204 

200 (5(|)10/m') 


Step 4: The tension force diagram 
Step 4.1: According to the flexural theory 

The tension force in the longitudinal steel can be calculated from the flexural 
theory as follows: 

M, Mj 

' “ Jd~ 0.9 

The calculations are carried out in the following table 


x (m) 

0 

0.45 

1.35 

2.25 

3.15 

4.05 

4.95 

5.85 

Mi (kN.m) 

1485 

1350 

1080 

810 

540 

337.5 

202.5 

67.5 

7) (kN) - 

1650 

1500 

1200 

900 

600 

375 

225 

75 


Step 4.2: According to the truss model 

The tension force due to the truss model can be obtained through one of the 
following two options: 

• Option 1: Analyzing the forces at the tog chord of the 45- degree truss. 

• Option 2: Adding the value of the tension force due to shear to that due to 

the bending moment. 

Option 1 

The calculations are carried out by using the method of sections to determine the 
forces in the top chord. 

For example, the forces F 6 is calculated by taking the moment about point (a): 
F 6 (0.9) = 150 x 0.9...F 6 =150kN 

Similarly, the force in other members can be calculated as follows: 

F 5 (0.9) = 150x1.8..F 5 =300 kN 


• 313 


F 4 (0.9) = 150x2.7.. kN 

F 3 (0.9) = 150x3.6 +150x0.90 .F 3 =750 kN 

Fj( 0.9) = 150x4.5 + 150 x 1.8 .F 2 =T050kN 

F, (0.9) = 150x5.4 + 150x 2.7 .Fi=1350 kN 

F (0.9) = 150x 6.3 + 150x3.6 .. 

Option 2 


The axial force developed at the top chord of the beam due to shear equals half 
the shear force at that section as shown in section 7.4.4. The axial force is 
calculated at the middle of each panel as follows: 



The value in the tension chord is determined as the sum of the tension obtained 
from the bending theory and the axial force due to shear 

F,=T t + N ¥ l2 

x(m) 1.35 2.25 ~ 3.15 4.05 4.95 5.85 

Tension from the bending 1200 900 600 375 225 75 

theory (Tj)___ 

Longitudinal axial force 150 150 150 75 75 75 

(N q j IT) ____ 

Tensionchord^force 1350 1050 750 450 300 150 

F,=T, + N„/2 11111 _ 

Step 5: Check web crushing 

To check the possibility of web crushing, one should compare the maximum 
stresses in the web to the effective concrete strength. The compression force (Dj) 
in each diagonal member can be obtained through the analysis of the members 
in the truss. Alternatively, it can be obtained using the following equation: 













sin 45 

where Q, is the shear force at the center of the panel (or the center of the 


diagonal). 

members 

(Qi),kN 

Di,kN 

d 1 =d 2 =d 3 

300 

424.3 

d 4 =d 5 =d 6 

150 

212.1 


The maximum compression force in the diagonal equals 424.3 kN 
D =f a ,b (jd cos 45°) 

424.3x1000= f cd x300x(900 COS45”) 

=2.2 M/mm 2 

fee = fr I 0.67^-1 = 0.6X0.67x— = 8.04/V/ mm 2 
V K ) 1.5 

Since f al < f a , the beam is considered safe against web crushing. 


Note: As shown in Fig. EX. 7.2, the truss analogy predicts that in order to resist 
shear, beams needs both stirrups and longitudinal reinforcement. This is an 
important behavioral aspect that can not be noticed using ordinary flexural 
theory. --- 


Photo 7.3 Convent of La Tourette, by Le Corbu'iier,’France. 


315 


7.6 The Variable-Angle Truss Model 
7.6.1 General 

In the variable-angle truss model, the angle of inclination of the cracks is not 
equal to 45°and it might vary in value along the span of the beam. 

Figure 7.9a shows a beam carrying a uniformly distributed load. The detailed 
truss corresponding to such a beam is shown in Fig.7.9b. In reality, each stirrup 
represents a vertical truss member. The tensile members are the vertical stirrups 
and the longitudinal steel at the bottom. The compressive members in the truss 
are really forces in the concrete, not separate truss members. The truss shown in 
Fig. 7.9b is statically indeterminate. If all the stirrups yield at failure, the truss is 
called a plastic truss model and it becomes statically determinate since the force 
in each vertical member will be known (equals to A sl f y l 1.15). The truss shown 
in Fig. 7.9b can be simplified for design purposes, design truss, as shown in Fig. 
7.9c. This simplification is made through assuming a suitable angle of 



a) Simply supported beam subjected to uniform load 



b) Detailed truss model of beam 



c) Truss model used in design 
Fig. 7.9 The variable angle truss model 
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7.6.2 Analysis of the Variable Angle Truss Model 


The internal forces of the truss model in which the angle of inclination of the 
cracks is assumed to be equal 6 can be derived in a similar way to that followed 
in the 45-degree truss model. 

Referring to Fig. 7.10, the vertical component of the shear force is resisted by 
tension forces in the stirrups crossing this section. The horizontal projection of 
section A-A is (/'rf/tanfljand the number of stirrups it cuts is (y'tf/tantf)/.? The 
force in one stirrup is A„ f y !y s , which can be calculated from: 


A «f y >Yr 


jd j tan 0 


.(7.16) 


All the variables in equation (7.16) are previously defined. 



Tig. 7.10 Calculation of forces in stirrups 


Figure 7.11 shows that the shear force Q at section B-B is resisted by the vertical 
components of the diagonal compression force D. 



Fig. 7.11 Equilibrium of forces at section B-B. 


The diagonal member has a width b and a thickness jd cos 6. Hence, the total 
compression force resisted by the diagonal member is equal to the average 
compression stress is the diagonal direction, f a , multiplied by the area of the 
diagonal member. Hence, the diagonal force D can expressed as: 

D = fd b Jd c °s 8 .(7.17) 


The shear force Q at section B-B and the diagonal compression force D are 
related by: 



(7.18) 


Hence, Eq. 7.17 can be rewritten as: 


Q~ fed bjdsiaOcosff ..’.(7.19) 


Equation 7.19 indicates that the shear strength of a concrete beam reaches its 
maximum value when the compressive stress in the web reaches the crushing 
strength of concrete, f ce , no matter how much web reinforcement is provided. 


From Fig. 7.11, the shear force Q is resisted by the vertical component of the 
diagonal compression force D. Force equilibrium indicates that a horizontal 
tension force N q results. This force is equal to: 



(7.20) 


This force acts a mid-depth of the beam. Since the shear is assumed uniformly 
distributed over the depth of the beam, N q acts at mid-height and N q jl will 
act on both the top and the bottom chord of the truss. These forces will be added 
to those caused by flexure. 

With the variable angle truss model, the designer can choose any reasonable 
angle of inclination of the inclined cracks. The value of the angle 0 should be 
in the range 30° < 6 < 60° in order to ensure satisfactory serviceability 
performance (to limit the crack width at service load). 
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The choice of small value of 6 reduces the number of stirrups required (see Eq. 
7.16) but increases the compression stresses in the web (Eq. 7.19) and increases 
the tension force N ^. The opposite is true for large angles. 

It should be noted that the choice of the crack angle means that the designer 
tells the beam what to do". This is acceptable for the values mentioned. 

Many design codes adopt the variable angle truss model as the basis for shear 
design. The Canadian Code and the European Code are examples for such 
codes. 







Solution 

Step 1: Forming the truss model 


The development of the variable angle truss model is shown in the Fig. EX 7.3b. 
The value jd can be reasonably assumed equal to about 0.9d, where d is the 
effective depth of the beam. Hence, jd=0.&t= 0.65m. To form the truss, it is 
assumed that the vertical members, representing the forces in the stirrups, are 
arranged every 0.85 m. Such an arrangement gives an angle of inclination of the 
diagonals in the effective shear span of about 37.4 degrees. This inclination is 
quite acceptable. 

Step 2: Drawing the stirrups force diagram 

The forces in the vertical members (stirrups) are all equal to 300 kN as shown in 
Fig. EX. 7.3c. In this diagram, the force in each vertical member is drawn as a 
constant number in the tributary length of each vertical member. 

Step 3: Distribution of the stirrups 

The choice of the stirrups that would result in yielding of all vertical members 
means that one should satisfy the following equation: 


if y t r s )jd / tan 0 4 x 280/1.15x650/tan 37.4 

S, S 


Member 

Force (Si), kN 

Diameter 

A sl (mm 2 ) 

S required (mm) 

S chosen (mm) 

s, 

300 

10 

157 

MEM 

100 

| 

300 

10 

157 

108 

100 

I 

300 

10 

157 

108 

100 

D 

■300 

10 

157 

108 

100 

s 5 

300 

10 

157 

108 

100 
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0.425 0.425 _■ 


a) Simply supported beam subjected to concentrated loads 


/— TP 

< $y 

—i 7 


wmtm 


S2 ^ 

S3 y 

S4 X 

IQflE 

A adL 

s ?z 


y'=4 



0.425 0.85 0.85 0.85 0.85 0.65 


b) Truss model for design 


300 kN 


c) Variation of force in stirrups (kN) 


Actual = (M/jd + Nq/2) 


T= M/jd 
.Nq/2 


From bending theory (M/jd) 
From truss 

d) Variation of tension forces (kN) 


Fig. EX. 7.3 Development of the truss model for design 
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Step 4: The tension force diagram 
Step 4.1: According to the flexural theory 

The bending moment at any point of the beam equals 

M t =Q-x = 300 x .,.(x<3.825) 

=300x3.825 = 1147.5 .(x>3.825) 

The tension force in the longitudinal steel at the middle of each member can be 
calculated from the flexural theory as follows: 

1 j d 0.65 

The calculations are carried out in the following table 


X (m) 

0.85 

1.7 

2.55 

3.4 

4.15 

Mi (kN.m) 

255.0 

510.0 

765.0 

1020.0 

1147.5 

Ti (kN) 

392.3 

784.6 

1176.9 

1569.2 

1765.4 


Step 4.2: According to the truss model 

The tension force due to the truss model can be obtained through one of the 
following two options: 

• Option 1: Analyzing the forces at the bottom chord of the truss. 

• Option 2: Adding the value of the tension force due to shear to that 
due to the bending moment. 

Option 1 

The calculations are carried out by using the method of sections to determine the 
forces in the bottom chord. 

' For example, the force F 4 is calculated by taking the moment about point (a): 

F 4 (0.65) = 300x3.825 
F 4 =T765.4 kN 
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Similarly, the rest of the forces can be obtained as follows: 

F 3 (0.65) = 300x 2.975 .....F 3 =1373.1 kN 

F 2 (0.65) = 300x 2.125 .F 2 =980.8 kN 

F,(0.65) = 300x1.275 .Fi=588.5 kN 

F(0.65) = 300x0.425 .F= 196.2 kN 

Option 2 

The axial force developed due to shear at a certain section equals to half the | 
value of the shear force at that section as shown in section 7.4.4. The axial force 
is calculated at the middle of each member of the bottom chord as follows: 

/V2 = —=-^T 

q tan 6 tan 37.4 


x(m) 

Shear Force 


Longitudinal Axial 
Force (Nq/2) 



The value in the tension chord is determined as the sum of the tension obtained 
from the bending theory and the axial force due to shear 


F^Ti + NJl 


Tension from the bending 
theory (T,) 



The variations of the tension force according to the bending theory and the truss 
model are shown in Fig. EX. 7.3d. 












Step 5: Check web crushing 

To check the possibility of web crushing, one should compare the maximum 
stresses in the web to the effective concrete strength. The compression force (Dj) 
in each diagonal member can be obtained through the analysis of the members 
in the truss. Alternatively, it can be obtained using the following equation: 


D =- 


300 


= 493.9 kN 


sin 6 sin 37.4 

where Q is the shear force at the center of the panel (or the center of the 
diagonal). 

The maximum compression force in the diagonal equals 493.9 kN 
D=f a , b (yd cos 37.4°) 

493.9x1000=x250x(650 cos37.4°) 
f al -3.82N/mm 2 


/« = fi. 


0.67 


feu 


= 0.6X0.67X— = 8.04 N / mm 2 
1.5 


Since f ai < f ce , the beam is considered safe against web crushing. 

It can be seen that the force in the tension chord halfway between the truss joints 
is larger than ( T=M/jd) by the amount (N</2) as shown by the dashed line. It 
should be mentioned that the increase in the tension force due to shear is 
equivalent to computing the tension force from bending moment diagram that is 
shifted away from the point of maximum moment by an amount j d/(2 x tan 6) 
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Photo 8.1 The bridge over Suez Canal 

8.1 Introduction 

Curved bridge girders, edge beams of slabs and shells, spiral stair-cases, and 
eccentrically loaded box beams constitute examples for members subjected to 
high twisting moments accompanied by bending moments and shear forces. 

Torsion design provisions in the Egyptian Code have gone through major 
changes based on the results of many researches. This Chapter explains the 
causes of torsion in reinforced concrete members, introduces the Space Truss 
Model for torsion and presents the ECP 203 torsion design provisions. It also 
includes many examples that illustrate the application of the ECP 203 torsion 
design procedure. 
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8.2 Equilibrium Torsion and Compatibility Torsion 

8.2.1 General 

Torsional loading can be separated into two basic categories: 

equilibrium torsion where the torsional moment is required for equilibrium of 
the structure, 

compatibility torsion where the torsional moment results from the compatibility 
of deformations between members meeting at a joint. 

8.2.2 Equilibrium Torsion 

Figure (8.1a) shows a cantilever beam supporting an eccentrically applied load P 
at point C, which causes torsion. This torsion must be resisted by beam AB to 
remain in equilibrium. If the applied torsion is not resisted, the beam will rotate 
about its axis until the structure collapses. 


B 


Fig. 8.1a Cantilever beam subjected to equilibrium 

Similarly, the canopy shown in Fig. (8.1b) applies a torsional moment to the 
beam AB. The beam has to be designed to resist the total external factored 
torsional moment due to the cantilever slab. Otherwise, the structure will 
collapse. Failure is caused by the beam not satisfying condition of equilibrium 
of forces and moments resulting from the large external torque. 



Fig. 8.1b Cantilever canopy 
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Figure 8.1c shows the girder of a box-girder bridge, in which the truck loading 
causes torsional moments. Figure 8.1d shows a precast L-shaped beam that 
supports a system of concentrated loads that result in torsional moments. 


Fig.8.1c Box-girder bridge 
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8.2.3 Compatibility Torsion 

Figm-e 8.2 shows an example of compatibility torsion. The beam AB has an end 
A that is built monohthically with beam CD. Beam AB can develop a -ve 
moment at the end “A” only if beam CD can resist the resulting torsional 
moment From compatibility of deformations at joint A, the negative bending 
moment (M A ) at the end A of beam AB is essentially equal to the torsional 
moment acting on beam CD. The magnitude of these moments depends on the 
relative magnitudes of the torsional stiffness of CD and the flexural stiffness of 
AB. The moment M A and the torsion M, result from the need for the end slope of 

3t “t” t0 te com P atible with the angle of twist of beam CD at point 
A . When a beam cracks in torsion, its torsional stiffness drops significantly. 
Hence, the torsion, M t , drops and accordingly M A . 



Fig. 8.2 Compatibility torsion 


8.3 Principal Stresses due to Torsion 

When a beam is subjected to torsion, M ,, shearing stresses are developed on the 
top and front faces as shown by the elements in Fig (8.3a). The principal stresses 
on these elements are shown in Fig. (8.3b). The principal tensile stress equal the 
principal compressive stress and both are equal to the shear stress if M t is the 
only loading. The principal tensile stresses eventually cause cracking which 
spirals around the beam as shown by the line A-B-C-D-E in Fig. (8.3c). Such a 
crack would cause failure unless it was crossed by reinforcement. This generally 
takes the form of longitudinal bars in the comers and stirrups. Since the crack 
spirals around the body, four sided (closed) stirrups are required. 





Fig. 8.3 Principle stresses and cracking due to torsion 







8.4 Thin-Walled Tube in Torsion 

As background information to the Egyptian Code torsion provisions, the 
behavior of thin-walled tubes in torsion will be reviewed. Figure (8.4) shows a 
thin-walled tube subjected to pure torsion. The only stress component in the wall 
is the in-plane shear stress, which exhibits as a circulating shear flow F on the 
cross section. The shear flow F is the resultant of the shear stresses, q, in the 
wall thickness and is located on the dotted loop. The dotted loop is defined as, 
the centerline of the shear flow. 

Center Line of 



Fig. 8.4 Thin-walled tube subjected to torsion 

The relationship between the torque, M t , and the shear flow, F, can be derived 
from the equilibrium of moments about the longitudinal axis of the member as 
follows: 

M, =Fjrdt .....(8.1) 

It can be seen that the integral is equal to twice the area of shaded triangular. 

Thus <jV dt = 2A 0 . (8.2) 

...(8.3) 

24 , 

where A 0 is the cross-sectional area bounded by the centerline of the shear flow. 
The parameter A g is a measure of the lever arm of the circulating shear flow and 
will be called “the lever arm area 


For example, in case of a circular cross-section the integral equals 

2 n 2 n 

2A 0 =<jrdt= frdt= JV (r dd) = 2nr z . 

o o 

The shear stress due to torsion, q, is: 

. 

2 Ag t 

where t is the thickness of the thin walled tube. 



Photo 8.2 HSB Turning Torso 190 metres623 feet 57 stories Completed 2005 

tallest building of Sweden 


(8.4) 

.(8.5) 










8.5 Space-Truss Model for Torsion 
8.5.1 Components of the Space Truss 

Test results indicated that the torsional strength of a solid reinforced concrete 
section is very similar to the torsional strength of a hollow section that has the 
same overall dimensions as long as the thickness of the hollow section is not less 
than a certain limit. This conclusion led to the development of what so called the 
“Space Truss ModeF that explains the behavior of reinforced concrete beams 
subjected to torsion. 

The space truss theory considers all sections, hollow or solid, to be hollow 
sections. It assumes that the reinforced concrete beam behaves in torsion similar 
to a thin-walled box with a constant shear flow in the wall cross section. This 
theory forms the basis of the torsion provisions in the ECP 203. 

When subjected to torsion, a cracked reinforced concrete beam as the one shown 
in Fig. (8.5a) can be idealized as shown in Fig. (8.5b). The cracked beam resists 
the applied torsional moment through acting as a space-truss as shown in Fig. 
8.6. The space truss consists of: 

• Longitudinal reinforcement concentrated at the comers. 

• Closed stirrups 

• Diagonal concrete compression members between the cracks which 
spiral around the beam. 

The angle of the inclination of the compression diagonals with respect to the 
beam axis, 0, depends on the ratio of the force carried by the longitudinal 
reinforcement to that carried by the stirrups. 



a) Section of the actual beam b) Idealized section of the truss 

Fig. 8.5 Idealized cross-section for torsion 




The height and the width of the truss are y, and x,, respectively, and are defined 
as the shorter and the longer center-to-center dimensions of the closed stirrups. 
The shear flow in the idealized cross section of the truss is given by Eq. 8.3. The 
total shear force acting on each wall due to torsion is equal to the shear flow 
(shear force per unit length) times the length of the wall. Hence, the total shear 
force along each of the top and bottom walls is given by: 

g, = F x,...(8-6) 

Substituting for the value of F from Eq. 8.3, one gets: 


„ M, 

Q\ =—~ x \ 
' 2 A a 


Similarly, the shear force along each side wall due to torsion is: 



( 8 . 8 ) 















8.5.2 Diagonal Compressive Stresses 

Figure (8.7) shows one of the four walls of the space truss. The shear force Q 2 
has been resolved into a diagonal compressive force D 2 =Q 2 /sind, parallel to the 
concrete diagonals, and an axial tensile force N 2 ■ The force D 2 is resisted by 
inclined compressive stresses, f cd , acting on the compression struts between the 
cracks. 



Fig. 8.7 Wail of the space truss-diagonal compressive stresses 


The thickness and the width on which D 2 acts are (y, cosO) and t e respectively. 
The resulting compressive stress is: 



y, cos 0 xt e 


(8.9a) 


Q 2 / sin 0 
O'] cos 0)xt c 


(8.9b) 


f __ Qi _ 

cd t e y t sin^cos# 

Substation of Eq. 8.8 in Eq. 8.11 

f M < 

al 2A g t c sin# cos# 


( 8 . 10 ) 

( 8 . 11 ) 
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Similar stresses act in all four walls. These stresses must not exceed the crushing 
strength of concrete in the diagonals, f ce . As mentioned in Chapter (7), the 
crushing strength of the cracked concrete in the struts is less than the cube or the 
cylinder compressive strength of concrete (See Fig.8.8). The major reason of 
that is the existence of a transverse tensile strain. The reduction of the 
compressive strength of cracked concrete is sometimes referred to as “concrete 
softening in compression". 



Fig. 8.8 Reduction of compressive strength of the strut 


Subsisting of Eq. (8.5) into Eq. (8.11), one gets: 


f ca¬ 


sino COS0 


.( 8 . 12 ) 


Equation (8.12) indicates that there is a relationship between the shear stress due 
to torsion and the compressive stresses in the concrete diagonals. Hence, 
limiting the compressive stresses in the wall can be achieved by limiting the 
shear stresses that is resulted from torsion. 
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8.5.3 Forces in Stirrups 

A section cut along the crack is shown in Fig. (8.9). The crack intercepts n 2 
stirrups, where n 2 =y, cot 9/s . These stirrups must equilibrate the force Q 2 . Thus, 
assuming that all the stirrups yield, 

«2 A s,r f,,t ! Ys =Ql .( 8 ‘ 13 ) 

Substituting with the value of n 2 in Eq.8.13 gives 

{Kf y Jr s )y^ cotg g ^ j 

s 

Replacing the value of Q 2 given by Eq. (8.8) in Eq. ( 8.14) gives: 



(8.15) 



Fig. 8.9 Forces in stirrups 

8.5.4 Longitudinal Force 

The shear'force Q 2 has been resolved into a diagonal compressive force D 2 and, 
for equilibrium, a tensile force N 2 =Q 2 cot6. Because the shear flow is constant 
along side 2, the force N 2 acts through the centroid of the side. Half of the 
tension, N 2 /2, is resisted by each of the longitudinal bars at the top and the 
bottom of the side wall. A similar resolution of forces occurs in each wall of the 
space truss. The total longitudinal tension force equals: 
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N=2(N x +N 2 ) ...(8.16) 


N = 2 (Q, cot 6+ Q 2 cot 9). 


.(8.17) 


Subsisting with the value of Qi and Q 2 from Eqs. 8.7 and 8.8 gives 


N = 2 CQt e + co t 0) 

2 A 0 2T 


.(8.18) 


N= M '^ t0 2 (x l+yi ) .(8.19) 


N=^~P h cot0 .(8.20) 


where P h is the perimeter of the tube; P h =2(x x +y { ) 

Longitudinal reinforcement must be provided to resist the entire tension force N. 
If it is assumed that this steel yields at failure, the required area of longitudinal 
steel is given by: 

N=A sl y.^ .( 8 _ 21 ) 

r s 


_M t P h cot9 
'“2 AJ y ly s 


( 8 . 22 ) 


Photo 8.3 A box girder bridge during construction 













8.6 The Design for Torsion in the Egyptian Code 
8.6.1 General 


(8.24) 


The ECP 203 torsion design procedure is based on the space truss model with 
some simplifying assumptions. These assumptions are summarized as follows: 

• The angle of inclination of the compression diagonals (which is the 
angle of inclination of the cracks) is set equal to 45°. 

• Simple, but reasonably accurate, expressions are given for calculating 
the thickness of the walls of the truss model, te, and the area enclosed 
by the shear flow, A 0 . 

• A limiting value for the allowed shear stresses developed due to 
torsion is given to ensure prevention of crushing failure of concrete in 
the struts. 

In the ECP 203 torsion design procedure, the following three strength criteria 
are considered: 

• First, a limitation on the shear stress developed due torsion is 
established such that the stirrups and the longitudinal reinforcement 
will yield before the crushing of the concrete struts. 

• Second, closed stirrups are provided to resist the applied torsional 
moment. 

• Third, the longitudinal steel distributed around the perimeter of the 
stirrups should be adequate to resist the longitudinal force due to 
torsion. 

8.6.2 Calculation of the Shear Stress due to Torsion 

The ECP 203 uses Eq. 8.5, derived for a thin-walled section, to predict the shear 
stress due to torsion in hollow as well as in solid sections. 

The ultimate shear stress developed due to the ultimate torque is given by: 

.( 8 - 23 ) 

2 A o K 

For simplicity, the following expressions are suggested by the code for the area 
enclosed by the shear flow path, A 0 , and the equivalent thickness of the shear 
flow zone, t e : 


4=0-85 A oh 

‘e = A oh/Ph .(8.25) 

where 

A oh is the gross area bounded by the centerline of the outermost closed 
stirrups. 

P h is equal to the perimeter of the stirrups. 

The area A oh is shown in Fig. (8.10) for cross-sections of various shapes. 

For hollow sections, the actual thickness of the walls of the section should be 
used in Eq. 8.23 if it is less than t e . 



Fig. 8.10 Definition of A oh 
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8.6.3 Consideration of Torsion 

The Egyptian code ECP 203 requires that torsional moments should be 
considered in design if the factored torsional stresses calculated from Eq. (8.23) 
exceed q, umin , given by: 

(8.26) 

8.6.4 Adequacy of the Concrete Cross-Section 

The concrete compression diagonals carry the diagonal forces necessary for the 
equilibrium of the space truss model explained in Section 8.5. Preventing 
crushing failure of the compression diagonals can be achieved either by limiting 
the compressive stresses in the concrete struts or by limiting the maximum shear 
stress. The ECP 203 limits the shear stress calculated by Eq. (8.23) to the value 
given by: 



<7™ = 0.7^ <4.0 N/mm 1 .(8.27) 

Otherwise, the concrete dimensions of the cross-section must be increased. 

8.6.5 Design of Torsional Reinforcement 
8.6.5.1 Closed Stirrups 

The ECP 203 uses Eq. (8.15) derived from the space truss model with the angle 
9 set equal to 45°. Hence, the area of one branch of closed stirrups A str is given 


In case of rectangular sections, Eq. (8.28) takes the form: 


.(8.28) 


.(8.29) 


1.7 (x,.y,) 


where Xi and yi are the shorter and the longer center-to-center dimensions of 
closed stirrups. 
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8.6.5.2 Longitudinal Reinforcement 

The ECP 203 uses Eq. (8.22) derived from the space truss model with the angle 
9 set equal to 45°. Hence, the area of longitudinal reinforcement A st is given by: 




(8.30) 


r s 

Substituting the value of M lu from Eq. (8.28), the area of the longitudinal 
reinforcement can be expressed in terms of A slr as follows: 

A sl Ll .(831) 

* f* 

where f y and f ys , are the yield strength of the longitudinal reinforcement and the 
yield strength of the stirrups, respectively. 

The area of the longitudinal reinforcement should not be less than: 


(8.32) 

where A cp is the area enclosed by outside perimeter of the section including 
area of openings. 

A b 

In the previous equation —^— should not be less than- 

S 6 x fys, 

8.6.6 Code Requirements for Reinforcement Arrangement 

The Egyptian Code sets the following requirements with respect to arrangements 
and detailing of reinforcement for torsion: 

1- Stirrups must be closely spaced with maximum spacing (s) such 
that 

s < 200 mm 

x ( + y x which is less 
4 

2- Only the outer two legs are proportional for torsion plus shear, and 
the interior legs are proportional for vertical shear only. 

3- Stirrups proportioned for torsion must be closed as shown in Fig. 

( 8 . 11 ). 
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Minimum bar diameter= 12mm or s/15 



Fig. 8.11 Torsion stirrup and longitudinal reinforcement details 


8- In case of considering the effective part of the slab in T and L sections 
when calculating the nominal shear stresses due to torsion, the following 
measures are taken refer to Fig. (8.12 ): 

- The effective part of the slab in T and L sections measured from the 
outer face of the beam should not be more than 3 times the slab 
thickness. 

- The effective part of the slab should be provided with web 
reinforcement. 



t 2 < 31 ( 




t 2 < 3t, 


In- 


4- For box sections, transversal and longitudinal reinforcement arranged 
along the outside and the inside perimeter of the section may be 
considered effective in resisting torsion provided that the wall thickness 
t w is less or equal to b/6 where b is the shorter side length of the section. If 
the wall thickness is thicker, torsion shall be resisted by reinforcement 
arranged along the outside perimeter only. 

5- It is permitted to neglect the effective part of the slab in T and L sections 
when calculating the nominal shear stresses due to torsion. 

6- The spacing of the longitudinal bars should not exceed 300 mm and 
they should be uniformly distributed along the perimeter. At least 
one bar must be placed in each comer of the section (i.e. in each 
comer of stirrup). The minimum bar diameter shall be 12 mm or 
1/15 of the spacing between stirrups whichever is larger. 

7- Enough anchorage of longitudinal torsional reinforcement should 
be provided at the face of the supporting columns, where torsional 
moments are often reach maximum value. 


Fig. 8.12 Effective flange width for torsion 



Photo 8.4 A circular beam during construction 










8.6.7 Summary of Torsion Design According to ECP 203 

Step 1: Determine cross-sectional parameters 

Ag/j = area enclosed by the centerline of the closed stirrups. 

P/j = Perimeter of the centerline of the closed stirrups. 

Step 2: Calculate the shear stress due to the ultimate torsion 

q = 

2 Aj e 

4 = 0-85 4 * t e =^- 

“h 

Note: If the actual thickness of the wall of the hollow section is less than 
Aoh/Ph > then the actual wall thickness should be used. 

Step 3: Check the need for considering torsion 


If q m > q umiD , one has to consider the shear stresses due to torsion. 

Step 4: Check that section size is adequate 


= 0.70 <4.0 N I mm 


If q tu { q t umax > the concrete dimensions of the section are adequate. 
If q tu ) q tu max , one has to increase concrete dimensions. 

Step 5: Design the closed stirrups 

The amount of closed stirrups required to resist the torsion is: 


Check that the provided area of stirrups is more than 


2A slr >A s , rmin 




Check that the provided spacing is less than the code requirement. 
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Step 6: Design longitudinal reinforcement 



Check that the provided longitudinal reinforcement is not less than A slm[n 



Photo 8.5 Guggenheim Museum, designed by Wright, New York, USA 
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Example 8.1 

Design the T-beam shown in the figure below for torsion if it is subjected to a 

torsional moment M, u = 12 kN.m 

f cu = 20 N/mm 2 

f yst = 280 N/mm 2 , f y =280 N/mm 2 



Solution 

To design a T-section for torsion, one has two options: 

1- Consider the slab in the calculations and reinforce both the slab and the 

beam for torsion 

2- Do not consider the slab contribution in torsion design, and provide stirrups 

and longitudinal reinforcement in the web only (easier and more practical 
for thin slabs). 

In this example, the contribution of the slab shall be neglected (option 2) as 
permitted by the code in section 4-2-3-2-b 

Step 1: Section properties 

Assume a concrete cover of 30 mm to the centerline of the stirrups. 

Xi = 200 -2 x 30 = 140 mm 
yi = 600 -2 x 30 = 540 mm 
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Step 4: Reinforcement for torsion 

A- Stirrups reinforcement 

According to clause (4-2-3-5-b) in the code, the spacing of the stirrups should be 
the smaller of 

p h /8 (170) mm or 200 mm, try spacing of 150 mm 

, M m xs 12x10 6 x150 , 

X = -—-—-— =-= 57.52 mm 2 

2 *A c xf m ly, 2x64260x280/1.15 

The area of one branch A str =57.52 mm 2 , choose (j)10 (78 mm 2 ) 

Choose ^>10/150 mm 

A s ,. m in = ~ b X S = y- b X s = 200 x 150 = 42.85 mm 1 

J y J y 

The minimum area of steel for torsion is given by : 

>A^ mh (two branches) 

Noting that A*,=0, thus 2 A m >A sl%min 
2x78 >42.85 ok 


B-Longitudinal Reinforcement 

The area of the longitudinal steel is given by: (use calculated A slr ) 


A si 


tpk 


fy. 


fy 


57.52x1360/ 

'280' 

150 t 

,280 


= 521.54 mm 2 


Calculate the minimum area for longitudinal reinforcement A s i >It 





f* 


fy 


There is a condition on this equation that 


K > b 
S b X f ys , 


57.52 ^ 200 

->- ...ok 

150 6x280 



04H 
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Example 8.2 

The beam shown in figure is subjected to distributed torsional moment of a 
value of 18 kN.m' along its span. Design the beam for torsion considering the 
contribution of the flanges. 

Data 

f cu = 30N/mm 2 

f yst = 240 N/mm 2 , f y =360 N/mm 2 



Solution 

Step 1: Section properties 

Assume concrete cover of 40 mm to the centerline of the stirrup all around the 
cross section 
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A oh definition 


p h = 170 + 550 + 350 + 220 + 350 + 550 +170 + 920 = 3280 mm 


or directly Ph = 2 x (720 + 920) = 3280 mm 

A oh =220x550 + 170x920 = 277400 mm 1 

A 0 = 0.854,,, = 0.85 x 277400= 235790 mm 2 

,A ok _ 277400 

t c -- - - 84.6 mm 

p h 3280 

Step 2: Calculations of shear stress due to torsion 

Critical section for torsion is at d/2 

M ,u =~^-^x(rY + ~-) = A^A5kN.m 


Mt= 18 kN.m/m' 


critical section 
for torsion 


C|=0.9m 



-hTM 


Mni=48.15 


-d/2=0.75/2 



Torsion Diagram 


M, u 48.15x10 s 

9 '“ = ^4^: = ^T35 _ 790x84.6 =L21iV/WW 


4,„,min = °- 06 ^~ = °- 06 ^|| = 0- 27 A/mm 2 

Since q t u(1.21)>q tumln (0.27) then torsion should be considered 








Step 3: Check the adequacy of the cross-section dimensions 


a =0.70 <4.0 N / mm 2 

‘fw.nuix v ^ y 


a =070 J—=3.13AT /mm 2 <4.0/7/mm 2 
l /m,max V 1 5 

qtu.max=3.13 N/mm 2 

Since q lu (1.21)<q tu , ma ,c(3.13), the cross section dimensions are adequate. 

Step 4: Reinforcement for torsion 
A- Stirrups reinforcement 

According to clause (4-2-3-5-b) in the code, the spacing of the stirrups should be 
smaller of p h /8 (410) mm or 200 mm. trv spacing of 200 mm 

A 48. t S x 1.0 6 * 200_ _ 97 84 mm 2 

s,r 2xA a x fyal/s 2x235790x240/1.15 

The area of one branch A str =97.84 mm 2 choose (j)12 (113 mm ) 

Choose <(>12/200 mm 

A . = — bxs = — 300x200 = 100mm 2 
/ 240 

The minimum area of steel for torsion is given by: 

24„ r ) c i Ioscf , — 

2x113(226) >100 ok 

B-Longitudinal Reinforcement 

The area of the longitudinal steel is given by: 

a _ A ,tr*Pk ( -^”. 1 - 97 . 84 x 3280 |' 240 ’)_^^.q ^ mm i ( US e the calculated A str ) 

“ s [f y J 200 V360j 

Calculate the minimum area for longitudinal reinforcement A^min 


Check 



d-sir X Ph (f yst 

fyly, 

s Ur . 

K > b 

97.84 . 

s 6 xf ys , 

200 






Example 8.3 

The figure shown below is for the cross section of a main girder that is subjected 
to a factored torsional moment of a value of 850 kN.m. It is required to design 
the girder for torsion. 

Data 

f cu = 25 N/mm 2 

f yst = 360 N/mm 2 , f y =3 60 N/mm 2 



Solution 

Step 1: Section properties 

Assume concrete cover of 45 mm to the centerline of the stirrup all around the 
cross section 

i _1310 mm ] 


Aoh 

stirrups^ 


IBB 



E 

E 

c 


j|pp| 

ix- i 


_ 

_ 


p h =2(1310 + 1110) = 4840 mm 

A oh =1310x1110 = 1454100 mm 2 

A 0 =0.854,* = 0.85 x 1454100 = 1235985 mm 2 


, _ 4* _ 1454100 „. 

" Pi 4840 “ 300.4 mm >t acma , (200 mm) 

Use te=t actua ] =200 mm 

Step 2: Calculations of shear stress due to torsion 

a _ M „. 850 xlO 6 

2 xA 0 xt e 2x1235985x200 “ J2Nlmm 

=0.06 pc =0.06./—=0.24 N/mm 2 
V K V 1.5 

Since q tu (1.72)>q tumin (0.24) then torsion should be considered. 

Step 3: Check the adequacy of the cross-section dimensions 


Vn.^0-70 ^-<4.0/V/mm 2 


4fu.max 0.70 ^ ^ — 2.86 N /mm 2 < 4.0 N lmm 2 

Since q tu ( 1.72)<q tu max (2.86),, the cross section dimensions are adequate. 

Step 4: Reinforcement for torsion 

A- Stirrups reinforcement 

f“n rdin ! p / C o la / 'i S n e i 4 ' 2 ' 3 " 5 ' b) “ th£ C0de ’ the s P acin 8 of the stirrups should be 
smaller of. P h /8 (605) mm or 200 mm, try spacing of 200 mm 


M xs 


850xl0 6 x200 


2x 4 x 4,,/r s 2x1235985x360/1.15 


- = 219.68 mm 2 


For box sections having a wall width less than b/6, the code permits dividing the 
obtained area of stirrups between the two sides of the wall. 

For the two vertical walls (webs) < H , (200) < - 20 _ 

6 


For the two horizontal walls (flanges) t„(200) < 1400 

6 

Hence, area of the cross section of the stirrup on each side of the wall will be 
equal to 219.68/2=109.8 mm 2 . 

Thus choose <j> 12/200 mm 

i.e. A str =2xl 13=266 mm 2 >A slr , required (219.68 mm 2 ) 









A = M/,x S = — (2x200)x200 = 89mm 2 

s, ' min / 360 

The minimum area of steel for torsion is. 2 A str 

4x112>/4 sfmin (89) ok' 

Final design <j) 12/200 mm 

B-Longitudinal Reinforcement 

The area of the longitudinal steel is given by: 

AeZjJ 4,) 219.7 x4840/ 

s '" 5 ^ f y J 200 V360> 

Calculate the minimum area for longitudinal reinforcement A s i, min , (use the 
chosen A str ) 


s,Mn f y /1.15 5 [f y / 

I'There is a condition on this equation that — ——(code 4-2-3-5-c) 

S °*-J yst 


219.7 1400 

200 6x360' 

A =1400x1200 = 1680000 mm 2 

CJt 



A, 


0.4 J— x 1680000 


_L5_ 

360/1.15 


219.7x4840/360) 


= 3447 mm 2 


Since A s i >A st 


The bar diameter chosen should be greater than 12mm or s/15(13.3 mm) 
Choose 36 <t> 14(5541 mm 2 ). 



<j> 12/200 mm 



12/200 mm 







8.7 Combined Shear and Torsion 


When a hollow section is subjected to a direct shear force and a torsional 
moment, the shear stresses on one side of the cross section are additive and on 
the other side are subtractive as shown in Figs. 8.13a. 

When a solid section is subjected to combined shear and torsion, the shear 
stresses due to shear are resisted by the entire section, while the shear stresses 
due torsion are resisted by the idealized hollow section as shown in Fig. 8.13b. 



Shear stress Shear stress Shear stress Shear stress 

due to torsion due to shear due to torsion due to shear 


a) Hollow section b) Solid section 

Fig. 8.13 Addition of torsional and shear stresses 


8.8 The Design for Shear and Torsion in ECP 203 

8.8.1 Consideration of Torsion 

The Egyptian code ECP 203 requires that torsional moments should be 
considered in design if the factored torsional stresses calculated from Eq. (8.23) 
exceed given by: 



(8.33) 
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8.8.2 Adequacy of the Concrete Cross-Section 

The shear stresses due to direct shear q u and due to torsional moment q are 
given by: 



q,u 


_ 

2 A 0 t e 


The Egyptian Code concentrates on the side of the hollow section where the 
shear and torsional stresses are additive. On that side: 


<?„ + q, u ^ 0.7 pc <4.0 N/mm 2 
V r c 


(8.34) 


, S0 ld sectlon , the shear stresses due to direct shear are assumed to be 
uniformly distributed across the width of the section, while the torsional shears 
only exist in the walls of the assumed thin-walled tube, as shown in Fig (8 13b) 
The direct summation of the two terms tends to be conservative and a'root- 
square summation is used 



(8.35) 


If the above equations (8.34) and (8.35) are not satisfied, then one has to 
increase the concrete dimensions of the cross section. 






8.8.3 Design of Transverse Reinforcement 

For members under combined shear and torsion, the Egyptian Code requires that 
the transverse steel due to torsion should be added to that due to shear. Concrete 
is assumed to contribute to the shear strength of the beam. It does not, however, 
contribute to the torsional strength of the beam. The transverse reinforcement for 
combined shear and torsion is obtained according to Table (8.1). 


Table (8.1) Transverse reinforcement requirements according to ECP 203 



Itu — ^06^]f cu /y c 

q lu ) 0.06 ^fcu/Yc 

Q U ~ Qcu 

Provide minimum reinforcement 

Provide reinforcement to resist 


as given by Eq. 8.43 

q lu , given by Eq. 8.28 

(111 ) 7c» 

Provide reinforcement to resist 

Provide reinforcement to resist 


$U — Qcu 

Qu ~~ Qcu an d Qtu 


In Table (8.1), q cu is the concrete contribution to the shear strength and is 
obtained from: 

q cu =0.24 A lf cu ly c N/mm 2 ...(8.36) 

The total amount of stirrups needed for shear and torsion should satisfy the 
following equation: 

2 A ar +A a ) . > bx S .(8.37) 

str si J mn y* v ' 

J ysi 


8.8.4 Design of Longitudinal Reinforcement. 

Longitudinal steel for torsion should be obtained, using Eqs. 8.31 and 8.32. No 
longitudinal steel is required for shear. As mentioned before, the use of the 
shifted bending moment diagram takes care of the additional tension force due 
to shear. 
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8.8.5 Summary of the Design for Shear and Torsion 

Step 1: Determine cross-sectional parameters 

The cross-sectional parameters for combined shear and torsion design are b, d, 
A oh and, P h . 

Step 2: Calculate the ultimate shear stresses due to Q u and M t 


4=0-85 A oh t e — ~~ 

Note: If the actual thickness of the wall of the hollow section is less than 
4/i /Ph 2 then the actual wall thickness should be used. 

Step 3: Check the need for considering torsion 

Calculate the minimum shear stress below which torsion can be neglected. 

= 0 . 06 ^ 

If <3tu ) c hu min > we have to consider the shear stresses due to torsion 

Step 4: Check that section size is adequate 

To check the adequacy of the concrete dimensions of the cross section, the 
following equations must be satisfied: 


For Hollow sections 


q„ + q, u < 0.7 ^<4.0 A//mm 2 


For solid sections 


!(<lj + (<?,„) 2 ^ 0.7 ^<4.0 N/r. 
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If <ltu ( c ltu max. an< I Qu (<lu max > the concrete dimensions of the section are 
adequate. 

If the above condition is not satisfied, one has to increase the dimensions. 

Step 5: Design the closed stirrups 

Calculate the concrete contribution to the shear resistance, q cu 

<leu = 0 - 24 

Check the requirements for transverse reinforcement from Table (8.1) 

If q u ) q cu , calculate the stirrups needed for shear 

Qsu -‘lu ~ 0’^ *7 cu 

^St _ Qsu b 
s fyst/Ys 

The area of one branch of stirrups needed for torsion is obtained from: 

A-str __ Mtu _ 

s T7 A 0 i t (fy St / y s ) 

The area of one branch of stirrups needed for resisting shear and torsion = A sr + — 

s,r n 

where n is the number of branches determined from shear calculations as shown 
in Fig. 8.14. 

Check that the chosen area, of stirrups satisfies the minimum requirements 




Fig. 8.14 Stirrups for shear and torsion 


Step 6: Design longitudinal reinforcement 




Check that the provided longitudinal torsional reinforcement is more than the 
minimum requirement, where: 



, A b 

In the previous equation —^ should not be less than- 

5 6x/„, 



Fig. 8.5 High-rise building in Seattle, USA 
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8.9 Compatibility Torsion 

In statically indeterminate structures where the torsional moment results from 
compatibility of deformations between members meeting at a joint, the torsional 
moment can be reduced by redistribution of internal forces after cracking. The 
ECP 203 assumes that in case of compatibility torsion, design can be based on 
an ultimate torque equal to: 

M ,u= 0 316 Jfjy~ c feu in NImm 2 .(8.44) 

*cp 

in which p cp is the perimeter of the gross concrete cross section 

8.10 Torsional Rigidity 

The torsional rigidity is defined as the torsional moment required to cause a unit 
angle of twist. 

For an uncracked elastic member, the theory of elasticity gives the torsional 
rigidity as (C X G); where C is the torsional constant of the cross section and G 
is the shear modulus of elasticity. At torsional cracking there is a sudden 
increase in the angle of twist and hence a sudden drop in the effective value of 
CG. 

The Egyptian Code recommends the value of G to be equal to o.42 E c where E c 
is the modulus of elasticity of concrete as given Chapter (1). 

The ECP 203 gives the following equation for calculating the torsional constant 
of rectangular sections: 

C= p b 2 t ij .(8.45) 

in which 

77 = 0.7 for rectangular sections in which the shear stresses due to torsion do no 
exceed 03l6jf c jy c . 

rj= 0.2 for rectangular sections after cracking 
p is a factor that depends on the ratio t/b as given in Table 8.2. 


Table 8.2 Values of the factor p for calculating the torsional rigidity 


t/b 

1 

1.5 

2 

3 

5 

. >5 

P 

0.14 

0.2 

0.23 

0.26 

0.29 

0.33 


For calculating the torsional rigidity of a cross-section having T, L or box 
shapes, one can divide the cross section into rectangles, each of short side x and 
long side y and the value C will be given as 

C = Z Px'y ........(8.46) 

The arrangement of rectangles that maximize the sum is used. 

It should be mentioned that the drastic drop in the torsional rigidity allows a 
significant redistribution of torsion in indeterminate beam systems 
(compatibility torsion). 



Fi §- 8 * 6 Petronas Towers, by Cesar Pelll; at Kua , a Lumpur Malaysia (1998) 

I W?: 
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Example 8.4 

The figure below gives the concrete dimensions for a cross section that is 
subjected to the following straining actions at the critical section near the 

support: 

M u = 42 kN.m (negative bending) 

Q u = 172.5 kN 
M, u =16.1 kN.m 

It is required to perform a complete design for the cross section knowing that the 
material properties are: 
f cu = 25 N/mm 2 

f' = 280 N/mm 2 , f y =360 N/mm 2 


250 mm 


Solution 

Step 1: Design stresses 
A. Shear Stress: 

„ = _S 2 _ = 1-—- = l.\5N/mm 

bxd 250x600 


B. Torsional stresses 

Assume concrete cover of 40 mm 

Xi = 250-2x40= 170 mm 
y, = 650 -2 x 40 = 570 mm 

p h = 2 x (x, + y,) = 2 x (HO + 570) = 1480 mm 
A oh =x,.y, =170x570 = 96900 mm 2 


A 0 = 0.85 A oA =0.85x 96900 = 82365 mm 


| 


y,=570 


x/=170 
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Step 3: Design of closed stirrups for shear and torsion 
Step 3.1: Area of stirrups for shear 

The concrete shear strength q cu equals 


= 0 24, — =0.98 Nlmm 2 
v 1.5 


Since the applied shear is greater than q cu , shear reinforcement is needed 


Qsu tfu 


.Ssl = 1.15— = o,66 Nlmm 2 


"" 2 2 

The spacing of the stirrups should be smaller of 
ph /8 (185) mm or 200 mm, try a spacing of 150 mm 

= 0.66 x 250 x 150 =101 6mm2 

sl f y /1.15 280/1.15 

Area for one branch of the stirrup equals A st /2=50.8 mm 2 

Step 3.2: Area of stirrups for torsion 

The area of one branch A str 

Using the same stirrup spacing of 150 mm, one gets 


xs 


16.1xl0 6 xl50 


2x A a x f ysl / Y s 2x82365x280/1.15 


■ = 60.2 mm 2 



'lAO 


Step 3.3: Stirrups for combined shear and torsion 

Area of one branch for combined shear and torsion 

= A str + A st /2= 60.2 + 101.6/2 = 111 mm 2 

Choose (j) 12 mm (113 mm 2 ) 

0 4 0 40 

A m i„ -~T~b xs =— —250xl50 = 53.9mw 2 
s, ' m,n f ys 280 

Total area chosen = 2 x 113 > A slmh .ok 

Final design use (j> 12/150 mm 

Step 4: Design of longitudinal reinforcement for torsion 

A = A «r*pJ frA = 602x1480/ 2803 = ^ , 

s [f y J 150 \360j 

Calculate the minimum area for longitudinal reinforcement A 5ijmin 


0.40 pc . 

\r c A slr x Pli f/ Ji; 


fy / A S {fy) 

There is a condition on this equation that 


b 

S 6 x fys, 

60.2 250 

->—- ...ok 

150 6x280 


A sl. min 


0.40^x250x650 60 . 2xl48or 2g0 


1 360/1.15 

SinceA s i>A s i imin ...o.k 

Choose 6(j>12 (678 mm 2 ) 


150 1360 


= 385 mm 2 





Step 5: Longitudinal reinforcement for flexure 

M u =42 kN.m 

R = —~ s ~£' = ————y = O.Q 186 

f cu bd 2 25x250x600 2 

From (R-oo) curve it can be determined that 63=0.0224 
A, = £*-bxd = 0.0224 — x250x600 = 233 mm 2 


°- 225 . . 0-225 V25 


4 sm i„ = smaller of f 


1.34 =1.3x233 = 303mm 2 


but not less than- 4, 308 mm 2 ) 

1 2 

Step 6: Reinfo 

The maximum spa iforcement is 300 mm. It 

should be noted th< t that will be placed at the 

top part of the secti hown in the figure below. 



Example 8.5 

The curved beam shown in figure has a width of 400 mm and a thickness of 

800mm. The beam is subjected to uniformly distributed load. Computer 

analysis' of the beam reveals that the maximum shear force and torsional 

moment at the support A are 

Q u = 612 kN & M ta = 40 kN.m 

f cu = 30 N/mm 2 

fys, = 240 N/mm 2 , f y =400 N/mm 2 
Design the beam for shear and torsion 
400 mm 





Solution x 

Step 1: Shear and torsional stresses 
Step 1.1: Shear Stresses 

d=750 mm 

6 . 612x1000 „ 3 

q„ =—— = -= 2.04 N/mm 2 

bxd 400x750 

Step 1.2: Torsional Stresses 

Assume concrete cover of 40 mm to the centerline of the stirrup 
X! = 400 -2 x 40 = 320 mm 
yi = 800 -2 x 40 = 720 mm 
p h =2x(x, + y,) = 2 x (320 + 720) = 2080 mm 

A oh = x ,-y, =320x720 = 230400 mm 2 


A„ =0,854. =0.85x230400 = 195840 mm 2 


1 The beam was modeled using several frame elements connected together to 
approximate the curved shape using the computer program SAP 2000. The end support 
was restrained against torsional rotation by fixing the support joint in 1-1 direction. 
This was achieved after rotating the local axis in the Z direction to coincide with slope 
at both ends as shown in figure. 
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Step 3: Design of closed stirrups for shear and torsion 
Step 3.1: Area of stirrups for shear 

The concrete shear strength q cu equals 

q cu "°- 24 J~ =1-07 N! mm 1 

Since the applied shear is greater than q cu shear reinforcement is needed 

~~ = 2-04= 1.505 A/W 

The spacing of the stirrups should be smaller of 
Ph/8 (260) mm or 200 mm, try spacing of 1QQ mm 

a _ q lu xbxs 1.505x400x100 

I ' fja /1-15 ~U0JUr~- mA5mm2 

Step 3.2: Area of stirrups for torsion 

The area of one branch A str 


xj 


40xl0 6 xlOO 


2x A 0 t Ys ~ 2x195840x240/1.15 = 48 ' 93 mm ~ 

Step 3.3: Stirrups for combined shear and torsion 

0 1 dill m r the COde ^ 4 ' 2 ' 2 ' 1_6 ' b )> beams with width greater or equal to 400 
mm should be reinforced with stirrups having 4 branches. The four branches can 

be used in shear design. However, only the outermost branches (exterior) can be 
considered for torsion design. 

The area of one branch =A st /4 = 288 /4=72 mm 2 
Choose <j)10/100 mm (=76 mm 2 inside stirrup) 

The area of the exterior stirrups (one branch)=A str + A st(exterior) /2 

= 48.93+72=121 mm 2 

Choose (J> 14/100 mm (=154 mm 2 outside stirrup) 




■~7 

— 

As/2 




interior stirrup 

2A str +A iC /2 




exterior stirrup 


Total ai'ea=2A slr +A,, 







Check A sm j„ 

A , - xs =^^400x100 = 66.67 mm 2 
«. m ,„ ^ 24Q 

A st ,chosen =area of outside stirrup +area of the inside stirrup 
^.chosen =2x154 + 2x76 = 460 mm 1 > . ok 


Step 4: Design of Longitudinal reinforcement 


4 = 


4r X P* 


/„ 


/, 


48.93x2080 

"240' 

100 

.400. 


= 610.7 mm 2 


Calculate the minimum area for longitudinal reinforcement A s i >m j n 





/, 




'1 




There is a condition on this equation that —^ > - 

5 6x f y „ 

48.93 400 

->- ...ok 

100 6x240 


Ho 

0.40, — x 400x800 
V 1.5 

48.93x20801 

"240 

400/1.15 

O 

o 

T—« 

1 

,400 


Since A s i < -A s i im j n ...use A s i im j n (1035 mm ) 
Choose 12<|)12 (1356 mm 2 ) 


= 1035.1mm 2 




1 

33 

4> 14/100 mm 

1 


■ 


n 

□ 

1 



\ i|) 10/1 00 mm 


Shear & torsion 
reinforcement 


Stirrup detail 


Example 8.6 

The box section shown in figure is subjected to combined shear and torsion. 
Check the adequacy of the concrete dimensions and design both web and 
longitudinal reinforcement. 

Data 

f cu = 30N/mm 2 

f yst = 240 N/mm 2 , f y =400 N/mm 2 


1300 mm 



250 mm 


Solution 

Step 1: Shear and Torsional Stresses 
Step 1.1: Shear Stresses 

For calculating shear stresses, only the web width will be considered thus: 
b=250+250=500mm 



590x1000 

500x1050 


= 1.124 N/mm 2 


Step 1.2: Torsional Stresses 

Assume concrete cover of 45 mm to the centerline of the stirrup all around the 
cross section 
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1210 mm 




0.7 V30/1.5 =3.13 


Graphical representation of the interaction of the maximum stresses 
due to shear and torsion for box sections 


Step 3: Design of closed stirrups for shear and torsion 
Step 3.1: Area of stirrups for shear 

The concrete shear strength q cu equals 
l~30 

q cu =0.24J—=L07N/mm 2 

Since the applied shear (1.124)is greater than q cu (1.07)shear reinforcement is 
needed 

<?„=<?„-^ = 1.124-— = 0.59 N/mm 2 


Assume spacing s=100 mm 


„ _q su xbxs 0.59x500x100 _ , 

4 ’~~fJLi5 2407TT5 - * 140 ' 67 


” 4/1.15 240/1.15 

Since two stirrups is used and each one have two branches as shown in figure 
Area required for shear for one branch of the stirrup equals A st /4=35.17 mm 2 
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Step 3.2: Area of stirrups for torsion 

The area of one branch A str 

, 315x10 6 x 100 „„, r 2 

A =-=-= 72.65 mm 

m 2x A c x / Jljr / y, 2x1038785x240/1.15 

For box section the code permits (4-2-3-5-b) the use of reinforcement along the 
interior and exterior sides of each web if the wall thickness t w is less or equal 
than the section width/6. 

vt (250)>^^ and i w (250) — .only the external leg is considered in 

6 6 

calculations of torsional reinforcement as shown in the figure below. 

A str for one branch =72.65 mm 2 

Step 3.3: Stirrups for combined shear and torsion 
A-Flanges 

The area of the stirrups is required for torsion only (one branch) =72.65 mm 2 
Thus choose <|) 10/100 mm (78.5 mm 2 ). 

B-Webs 

The area required for one branch of the exterior leg for shear and torsion = A st r+Ast/4 

=72.65+35.17=107.8 nun 2 

Thus choose <j>12/100 mm (113 mm 2 ) 

The area required for one branch of the interior leg for shear = 35.17 mm 2 


([>10/100 mm 



A s tr + A. st /2- 


Total area =2A str +A st 


Check A smin 

2A 4- A 1 _°- 4 ° I . 0.40 

slr * Imin y ^ xs ~ 2 ^q 500x100 = 83.33 mm 2 

^asJnsm =4x113 = 452 mm 2 > 83.33 . 0 k 

Step 4: Design of Longitudinal reinforcement 

A - As,r x p h f f m 1 72.65x4440(240) 

5 ' * l7rj = ~i^Ur 193W 

Calculate the minimum area for longitudinal reinforcement A sl min 
Smce the chosen stirrup is for combined shear and torsion, use the calculated A s 



There is a condition on this equation that 4^ > — l l _/ code 4 _ 2 _3_ 5 

s 6x f v 

J yst 

72.65 1300 , b 

“777T <7-777 thus use —2— 

100 6x240 6xf 

J yst 


A cp =1300x1100 = 1430000 mm 1 



0A0 \l~ x 1430000 

V 1.5 1300 


s/,min 


400/1.15 6x240 

Since As, <A slmin use A sljmin 


x 4440 x (io?) = 4949 mml 





The bar diameter chosen should be greater than 12mm or s/15(6.67 mm) 
Choose 36 (j> 14(5541 mm 2 ) such that the maximum spacing between 
longitudinal steel is less than 300 mm. 


14 tb 14 




10/100 mm 


4> 10/100 mm 


]) 


Note : Another alternative for stirrups arrangement is given below. Note also 
that the internal stirrup is taken as (|> 10/100 mm since it is only resist shear 
stresses. 



Alternative stirrups detail 


(() 12/100 mm 


Example 8.7 

The Figure below shows a box section that constitutes the cross-section of the 
girder of a road-way bridge. Structural analysis of the bridge revealed that the 
critical section of the girder near the support is subject to the following straining 
actions: 

Q u = 6060 kN 
M,„=l 1700 kN.m 

It is required to carryout a design for the combined shear and torsion for that 
section. The material properties are as follows: 

/„,= 35 N/mm 2 
f y - 360 N/mm 2 







Solution 

Step 1: Shear and Torsional Stresses 
Step 1.1 Shear Stresses 

The applied vertical shear force is resisted by the internal shear stresses 
developed in each web as shown in the following figure. 


Q/2 I \ Q/(2 cos a) 


Q/(2 cos a) 


Q/(2 cos a) 


Q/(2 cos a) / j Q/2 



g„/2xcosa _ g„/2 
“ bxd/cosa bxd 

Assume a concrete cover of 80 mm to the centerline of the longitudinal reinforcement 

d = 2300 -80 = 2220 mm 

Q u 6060/2x1000 , 

q u =—*- =-= 1.95 N mm 

bxd 700x2220 

Note: Since the angle a is relatively small, the horizontal component can be 
neglected. 

Step 1.2 Torsional Stresses 

Assume a concrete cover of 60 mm to the centerline of the transversal steel 
around the cross section. As illustrated in the figure shown below 

A oh =2.18 -it 5 - 6 - = 10.9 w 2 


p h = 4.38 + 5.62 + 2.26x2 = 14.52 m 


782 


flange 



t _ A oh - 10-9x1000 _ 750 mm 
° Ph 14 ' 52 

Since the effective thickness ((.) is less than both the web thickness and the 
flange thickness, use the actual thickness. 

| USC te“tactual 

M, u 11700xl0 6 _ — O QQ9 A// mm 1 

< hu(wch) 2xv4 xt 2x(0.85xl0.9xl0 6 )x700 

The top flange is more critical because its thickness is smaller than the bottom 
one. Thus the torsion stress in the slab (flange) equals 

_ M, u _ 11700x 10 6 __ 2.25 N / mm 2 

Qtu«>Msc) ~ 2x A xt c 2x(0-.85xl0.9xl0 6 )x280 

„ =0 06 P= 0.06. — = 0.29 Nlmm 2 

fzw,min ' ^ y \| 1.5 

Since q tu >qtumin then torsion can not be neglected 

Step 2: Check the adequacy of the cross-section dimensions 

It should be noted that the flanges of the box-section (the top and bottom 

flanges) are subjected to shear stresses due to torsion only, whil 
subjected to shear stresses due to combined shear and torsion. 
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Step 3: Design of closed stirrups for shear and torsion 
Step 3.1 : Area of stirrups for shear 

The concrete shear strength q cu equals 

q _ o 24^^ = 1.16 NI mm 2 

Since the applied shear is greater than q cu , stirrups for shear 
Qcu g«i_Hi = 1.37 Nlmm 1 

Qsu=Qu- 2 l y 2 

Assume spacing s=100 mm 

The area of stirrups for the two webs equals 


r, xhxs 1.37 x (2x700) xlOO =fi19 r 

t u su _. = ————-; ~~Z 

"■a f 1 1 15 360/1.15 

Jy 

For one web = 612/2=306 mm 


Area of one branch=305. 9/2=1 53 mm 


Step 3.2: Area of stirrups for torsion 

M xs 11700xl0 6 xlOO — — 701 mm 2 

^ = 2 ^ i 7^ =2x (°- 85xlQ - 9xlo6)x360h ' 15 

, ,^- tc (A 7 3 5-b) the use of reinforcement along the 

sr r - * *.-—*• -«^ 

I than the section width/6. 

The area of the stirrups for torsion can be divided on the two stdes. 

Area of one branch 201/2 =100.5 mm 

I Step 3.3: Stirrups for combined shear and torsian 

The area of the stirrups is required for toraon only^one bMKlO ^ d|rKt live 
Thus choose ® 14/100 mm !154 '™ :i . detraction. The designer 

T d Se° tZZ rSSc-S tors,on mrgh, be increased to 
additional stress es due to other strain,ng actrons. _ 
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B-Webs 


Area required for shear and torsion for one branch = A str +A st =100.5+153=253.5 mm 2 
Thus choose <(> 18/100 mm (254 mm 2 ) 

Check A st min (for the two webs) 

2 A„ r +A n ) . = — bxs =-^(2x700)xl00 = 156/nm 2 
m sl ' mm f y 360 

^stdiosm =4x254 = 1016 mm 2 >156 . ok 

Check As, mj „ (for the two flanges) 

2A slr +A st ) m . o (280 + 300) x 100 = 64.4 mm 2 

= 4 x 154 = 616 mm 2 > 64.84 ok 

Final design two stirrups <j>18/100 mm (two branches) in the webs and two 
stirrups (|>14/100 mm (two branches) in the flanges 

Step 4 Design of Longitudinal reinforcement 


- 29286 mm 2 


Calculate the minimum area for longitudinal reinforcement A s i itn i n (code Eq. 4- 
53-b). Since the chosen stirrup is for combined shear and torsion, use the 
calculated A str 


201x14.52x1000/ 

"360 

100 

,360 


us ( f 

f y / y, U ) p \f y 


A = 2300 - 750+ - - . — = 11787500 mm 2 
cp 2 


There is a condition on this equation that 4 ' 2 " 3 ‘ 5 ~ C ' ) 

201 05(4500 + 5750) thus use _*s_ 

i 100 7x360/1.15 6*/,» 




°' 4 Jli X 11787500 O-SCdSOOH^^^^iooof^VsSSO^mm 2 
-r; ' 1 360 J 


360/1.15 


6x360 


Since A s i < A s i itn i„ use A s i,ir 


The bar diameter chosen should be greater than 12mm 

Choose 124 O 20 such that the maximum spacing between longitudinal steel is 
less than 300 mm. Reinforcement details for the cross section are shown m Fig 

EX 8.7. 
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Reinforcement details 
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Design Charts for Sections 
Subjected to Flexure 













Area of Steel Bars in cm 2 (used in Egypt) 



Weight 



Cross sectional area (cm 2 ) | 

mm 

kg/m' 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

6 

0.222 

0.28 

0.57 

0.85 

1.13 

1.41 

1.70 

1.98 

2.26 

2.54 

2.83 

3.11 

3.39 

8 

0.395 

0.50 

1.01 

1.51 

2.01 

2.51 

3.02 

3.52 

4.02 

4.52 

5.03 

5.53 

6.03 

10 

0.617 

0.79 

1.57 

2.36 

3.14 

3.93 

4.71 

5.50 

6.28 

7.07 

7.85 

8.64 

9.42 

12 

0.888 

1.13 

2.26 

3.39 

4.52 

5.65 

6.79 

7.92 

9.05 

10.18 

11.31 

12.44 

13.57 

14 

1.208 

1.54 

3.08 

4.62 

6.16 

7.70 

9.24 

10.78 

12.32 

13.85 

15.39 

16.93 

18.47 

16 

1.578 

2.01 

4.02 

6.03 

8.04 

10.05 

12.06 

14.07 

16.08 

18.10 

20.11 

22.12 

24.13 

18 

1.998 

2.54 

5.09 

7.63 

10.18 

12.72 

15.27 

17.81 

20.36 

22.90 

25.45 

27.99 

30.54 

20 

2.466 

3.14 

6.28 

9.42 

12.57 

15.71 

18.85 

21.99 

25.13 

28.27 

31.42 

34.56 

37.70 

22 

2.984 

3.80 

7.60 

11.40 

15.21 

19.01 

22.81 

26.61 

30.41 

34.21 

38.01 

41.81 

45.62 

25 

3.853 

4.91 

9.82 

14.73 

19.63 

24.54 

29.45 

34.36 

39.27 

44.18 

49.09 

54.00 

58.90 

28 

4.834 

6.16 

12.32 

18.47 

24.63 

30.79 

36.95 

43.10 

49.26 

55.42 

61.58 

67.73 

73.89 

32 

6.313 

8.04 

16.08 

24.13 

32.17 

40.21 

48.25 

56.30 

64.34 

72.38 

80.42 

88.47 

96.51 

38 

8.903 

11.34 

22.68 

34.02 

45.36 

56.71 

68.05 

79.39 

90.73 

102.1 

113.4 

124.8 

136.1 


Area of Other Steel Bars in cm 2 



Weight 

Cross sectional area (cm 2 ) j 

mm 

kg/m' 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

6 

0.222 

0.28 

0.57 

0.85 

1.13 

1.41 

1.70 

1.98 

2.26 

2.54 

2.83 

3.11 

3.39 

8 

0.395 

0.50 

1.01 

1.51 

2.01 

2.51 

3.02 

3.52 

4.02 


5.03 

5.53 

6.03 

10 

0.617 

0.79 

1.57 

2.36 

3.14 

3.93 

4.71 

5.50 

6.28 

7.07 

7.85 

8.64 

9.42 

13 

1.042 

1.33 

2.65 

3.98 

5.31 

6.64 

7.96 

9.29 

10.62 

11.95 

13.27 

14.60 

15.93 

16 

1.578 

2.01 

4.02 

6.03 

8.04 

10.05 

12.06 

14.07 

16.08 

18.10 

20.11 

22.12 

24.13 

19 

2.226 

2.84 

5.67 

8.51 

11.34 

14.18 

17.01 

19.85 

22.68 

25.52 

28.35 

31.19 

34.02 

22 

2.984 

3.80 

7.60 

11.40 

15.21 

19.01 

22.81 

26.61 

30.41 

34.21 

38.01 

41.81 

45.62 

25 

3.853 

4.91 

9.82 

14.73 

19.63 

24.54 

29.45 

34.36 

39.27 

44.18 

49.09 

54.00 

58.90 

28 

4.834 

6.16 

12.32 

18.47 

24.63 

30.79 

36.95 

43.10 

49.26 

55.42 

61.58 

67.73 

73.89 

32 

6.313 

8.04 

16.08 

24.13 

32.17 

40.21 

48.25 

56.30 

64.34 

72.38 

80.42 

88.47 

96.5 

38 

8.903 

11.34 

22.68 

34.02 

45.36 

56.71 

68.05 

79.39 

90.73 

102.1 

113.4 

124.8 

136.1 


1Q1 


Area of Steel Bars in mm 2 (used in Egypt) 


<t> \ 

Weight 

kg/m' 

1 

2 

3 

C 

4 

ross s< 

5 

actions 

6 

il area 1 

7 

[mm 2 ) 

8 

9 

10 

11 

12 


0 222 

28.3 

56.5 

84.8 

113 

141 

170 

198 

226 

254 

283 

311 

339 

8 

0.395 

50.3 

101 

151 

201 

251 

302 

352 

402 

452 

503 

553 

603 

10 

0.617 

78.5 

157 

236 

314 

393 

471 

550 

628 

707 

785 

864 

942 

12 

0.888 

113 

226 

339 

452 

565 

679 

792 

1078 

905 

1232 

1018 

1385 

1131 

1539 

1244 

1693 

1357 

1847 

14 

16 

1.208 

1.578 

154 

201 

308 

402 

462 

| 603 

616 

804 

770 

1005 

1272 

1571 

1 1206 

1527 

1885 

j 1407 

1781 

1608 

20361 

1810 
2290 | 

1 2011 

2545 

2212 

2799! 

2413 

3054 

18 

20 1 

22 

1.998 

2.466 

254 

314 ' 

509 

628 

763 

942 

1018 

1257 

2199 

2513 

2827 

3142 

.... '"1 

3456 

3770 

2.984 

380 

760 

1140 

1521 

1901 

2281 

2661 

3041 

3421 

3801 

4909 

6158 

8042 

7 1134 

4181 

5400 

6773 

8847 

1 1247 

4562 

*;RQn 

25 

28 

32 

38 

ifn 

IE23 

IE 

IEEE 

IE3 
i m 
IE 

m 

982 

1232 

1608 

2268 

1473 

1847 

2413 

1 3402 

m 

IE 

ig 

IE 

2454 

3079 

4021 

5671 

2945 

3695 

4825 

6805 

3436 

4310 

5630 

11 7939 

3927 

4926 

6434 

9073 

4418 

5542 

7238 

1 1020' 

sJ 


Area of Other Steel Bars in mm 
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8.903 
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Ghoneim & El-Mihilmy 


Design of Reinforced Concrete Struct, 



Design Tables for Sections Subjected to Simple Bending (R-|i) 




R„ =— 

“ bd 2 

^=40 

fc„=35 

f cu =30 

f™=25 

fc u =20 

•wmm 


0.5 

m 

Em 

■'►-a 

EES 

WE5M 

0.6 

Em 

W(n 

EMI 

EES 

EES 

0.7 

fm 

EES 

EES 

EES 

EES 

0.8 

EES 

EES 

WEtil 

EES 

EES 

0.9 

1'T'l 

exs 

Motkn 

iifM 

EES 

1.0 


■itaib 

■MH 


EMI 

1.1 


! 

i 

EJ^B 

wm 

■nU-fid 

1.2 

EES 


EES 

■iW 

WES 

1.3 

EES 

WreM 

Win 

MitAl 

WEE! 

1-4 

ESS 

EBS 

WES 

MiV>1 

ESS 

1.5 

EES 

EES 

Iktitim 

liBi 

Intel 

1.6 


EES 

Wm 

EES 

Ihhm 

1.7 

EES 

wm 

iita 

EES 

EES 

1.8 

EES 

wm 

■>1*1 

EES 

EES 

1.9 

EES 

wm 

imuM 

Mtlilil 

MSB 

2.0 

■ES 

EES 

■KiS 

EES 

EIS 

2.1 

WCM 

EOS 

WTC1 

WtEl 

wm 

2.2 

S 

■KS 

wm 

■EEl 

EMI 

2.3 

KKLB 

WHil 

■E3 

WES 

ns 

2.4 

wen 

ill 

Wtn 

MMM. 

BIS 

2.5 

KIES 

IBB 

EES 

wm 

EES 

2.6 

WES 

EES 

WEB! 

EES 

wen 

2.7 

wa 

EES 

EES 

WES 

WEE! 

2.8 

wa 

EES 


WES 

EIS 

2.9 


EES 

■ESI 

EES 


3.0 

■El 

EES 


wns 


3.1 

EES 


■EM 

WES 


3.2 

WKil 

EES 

WFE1 

■in 


3.3 

mmm 

EiS 


EiS 


3.4 

EES 

EES 

BUM 

Wtifil 


3.5 

WEM 

EOS 

EIS 

wm 


3.6 

wen 

■Kilil 

wen 

El 


3.7 

mmm 

wen 




3.8 

EES 

rea 

wen 



3.9 

ESS 

mm 

EES 



4.0 

WEI 

wrm 

EES 



4.1 

wsm 

wm 

EES 



4.2 

W1 

El 

EMI 



4.3 

EES 

EES 

S 



4.4 

EES 

El 




4.5 

■fail 

ns 




4.6 

ESI 





4.7 

Em 

Wm 




4.8 

ESI 

EOS 




4.9 

Wm 

wa 




5.0 

EES 





5.1 

EES 






5.2 

EES 













1 y.o 

KaBi 






5.4 

ESS 



Kl] WWW^m, 

■1 

5.5 

EES 


H 

ITiTiM 

mgmmi 

5.6 

EES 





—a 

5.7 

EES 





_ 


B 

Vv-- In t« 14 J fiuffAJBW 1 

fcu=40 

fcu=35 

f cu =30 

fc u =25 

f cu =20 

■ratal 

EES 

■ilU 

ESS 

ESS 

wen 

i 0.5 

B0K=B 

mm 

ESS 

ESS 

wen 

■ESI 

ESS 

m 

Him 

wen 

Em 

0.7 

EMI 

wen 

Em 

BOm 

Em 

0.8 

men 

iim 

Em 

EES 

wm 

0.9 

EES 

WETiB 

Kitn 

WkM 

EES 

1.0 

WkkB 

liikl 

WkKfc 

EES 

WES 

1.1 

EES 

Wm 

wm 

wm 

wen 

1.2 

■iteiiM 

IriKiil 

Wfeiifc 

EES 

wm 

1.3 

EES 

EES 


EES 

EES 

1.4 

mm 

EES 

EES 

Em 

EES 

1.5 

l&S 

EES 

wm 

wm 

Em 

1.6 

litti 

EES 

EES 

Em 

sm 

1.7 


Bi*n 

Mow 

EMI 

wm 

1.8 

EMI 

BCT 

Em 

Em 

Em 

1.9 

■Tin 

■■m 

Em 

Em 

EMM 

2.0 

BiWiB 

low 

Em 

■sm 

mm 

2.1 

mm 

EIS 

Em 

wm 

Em 

2.2 

EEOS 

iiBl 

wm 

EMI 

EES 

2.3 

ESS 

■iMiB 

EES 

Em 

wm 

2.4 

EES 

m 

Em 

Em 

eeo 

2.5 

EES 

Em 

w>n 

EES 

iwen 

2.6 

EES 

Biim 


Em 

EES 

2,7 

EES 

EES 

EES 

■Ml 


2.8 

EES 

EES 

wm 

EiS 

2.9 

EES 

EiS 

EES 

■m 

3.0 

mm 

EES 

■KS 

■KS 

3.1 

EES 

EDI 

EES 

wen 

3.2 

wm 

EES 

EES 

wen 

3.3 

wen 

EES 

wen 

EES 

3.4 

wen 

wen 

■m 



3.5 

wen 

■cm 

EES 


3.6 

wen 

mm 

wm 

3.7 

EES 

wm 

wm 

3.8 

■m 

wm 

EES 

3.9 

mm 

wm 

wm 

4.0 

EES 

mm 



4.1 

MEM 

Bim 


4.2 

■Ml 

wm 

4.3 

wm 

■I=EB 

4.4 

mm 

wm 

4.5 

wtn 

EES 

4.6 

EES 

EES 

4.7 

1W:> 



4.8 

Wlikli 



4.9 

■fiVB 


A, - ^ bxd± P " || 
100 /,/U5| 

5.0 


5.1 

WtiVil 

EEEM 





1. Assume p =0.5-1% 

2. Determine R from the table 

3. Compute d then compute A s 
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Design Tables for sections subjected to simple bending(R.p) 



p 

E 1 iBraS 

• r ' ^,lls »,* . 

lEEBEESEESBCnKln 

lUiJl'jbJIl.tkaatkaa.r'! 

iHliillliiljlEa iiiai 

HbMagrea grey gym grea 

IBPISPlPSEflf 1353 

SBPSPlSEilSii* 11 ® 

giEEB iaai BEigTa— 



1. Assume p =0.5-1% 

2. Determine R u from the table 

3. Compute d then compute As 
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DESIGN TABLES fob SECTIONS SUBJECTED TO BEND1NG(K*i- rt 


K„ values for f y =240 N/mm _ 


f =20 I f eu =25 I f c „=30 I f cu =3S fcu-40 


■■iMi 

BBfilBB IjpK « | 

MBan aaiM ^aJjn^pB I 

IIEE*£H 

B^gyaBWEaigEalilj^l^^^ 




Bjjgr^ gE^Ei^ CiSlliSa i 

I gi^ gT^gEElBEMKEEiillll 

ninanSS 

■gMgggfil gf^ »>^»jEE» laalBI 
I ^gMa.Irkll gpagBEllJLMtl liElB | 

l lPjjgTTf ESBa^i^JKEMKiK^a l 

l Mrrn wT7mwmmw!Timwmmw!Em\ 

I at t. « a .usa glSM KESi m Baal I 

I glAl'B KjjrjJ EE3I 1 

jr'i* - ■' •;. ■ ' ’ aaal 

■ifga j giPM WigsgiKa-all 

BEEB BESBCSiB BEB 



0.472 0.466 

0.465 0.459 

0,459 0.452 

0.453 0.446 

0.447 0.440 



1- Assume p (0.5-1%) 

2- From the table determine K u 

3- Determine the beam depth d 


A = -^— b d + -— J j — 
100 fjy. 


398 





















































































































I s 


Ghoneim & El-Mihiimy 


Design of Reinforced Concrete Structures 


DESIGN TABLES FOR SECTIONS SUBJECTED TO BENDING (Ku- pi) 


T'T'-Hf- 


=2s[ f cu =30 | f cu =35 | f cu =40 


iwmMi 


■331 




PEaBEii 


tammi 






EE m ■ih.-eem 


I BiE1-UME!4BF1T?T1 


^cu”20 j f co —25 j f cu —30 j f cu =35 I f cu =40 


|fcfeaBiE9id9i E3HCj5ll EEBl 

B^ggCT^jy^ gggjiiBaggffi 

■ail gEMBE3BE!lB^ll!Pa 

EUKMuBJi^lgaiESEUBEI 
■aaa ■aifEEBaKaia-aW^lUTTa 




IBitiiVJ 


I lIElil 


1- Assume pi (0.5-1%) 

2- From the table determine K u 

3- Determine the beam depth d 


A=JL bd ±Jl. 
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DESIGN CHART FOR DOUBLY REINFORCED SECTIONS 
SUBEJCED TO SIMPLE BENDING. 

All types of steel (table 4-1). dVd=0.05 


, for f y =240 N/mm 


co max for f y =360 N/mm 
a> m „ for f v =400 N/mm 2 


ooOCN^r'O^g^joiScNCO CO 'O 

O T- T- t-; ^ _• _* Q o o o o o 


o o o 


o o o o o 


M 8 1 I 2 2 3 3 I I S I I 


f p 

A =a)bd±f-+-rf- 

fy f,!r. 


A' = act) bd~ 


In case P u =0, A[ =axA.. 


i d 

“J flf 
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Units Conversion Table 


To transform from To Multiply by 


Si-units 

French -units 

factor 

Concentrated loads 



IN 

kg 

0.1 

lkN 

kg 

100 

1 kN 

ton 

0.1 

Linear Loads /m' 



1 kN/m' 

t/m' 

0.1 

Uniform Loads /m 2 



kN/m 2 

t/m 2 

0.1 

N/m 2 

kg/m 2 

0.1 

kN/m 2 

kg/m 2 

100 

Stress 



N/mrrf (=1 MPa) 

kg/cm 2 

10 

kN/m 2 

kg/cm 2 

0.01 

kN/m 2 

ton/m 2 

0.1 

Density 



N/m 2 

kg/m 3 

0.1 

kN/m 3 

ton/m 3 

0.1 

kN/m 3 

kg/m 3 

100 

Moment 



kN.m 

ton.m 

0.1 

N.mm 

kg.cm 

0.01 

Area 



m 2 

cm 2 

10000 

mm 2 

cm 2 

0.01 
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